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INTRODUCTION

TIMSS as a Starting Point to Examine Mathematics Assessments: An In-Depth Look
at Geometry and Algebra is designed to be incorporated into Attaining Excellence: A
TIMSS Resource Kit. Released in fall 1997, the TIMSS resource kit is developed
for educators and those interested in using TIMSS data to improve teaching,

curricula, and students’ achievement in states and local communities.

This module presents information about the grade 8 mathematics
assessments conducted by the National Assessment of Educational Progress
(NAEP) and the Third International Mathematics and Science Study (TIMSS).
In particular, the first section of the mathematics assessment module compares
the frameworks underlying the NAEP and TIMSS grade 8 mathematics
assessments and the distributions of test questions across content areas, focusing
on the areas of geometry and algebra. The second and third sections of the
module describe the geometry and algebra portions of the assessments in detail
using actual test questions (often called items) from NAEP and TIMSS
assessments to illustrate how areas of the frameworks became operationalized
into test questions. The assessment results are provided for the geometry and
algebra questions to provide some perspective about U.S. performance in these
two mathematics content areas.

NAEP: THE NATION’S REPORT CARD

TIMSS: THE IEA’S THIRD INTERNATIONAL
MATHEMATICS AND SCIENCE STUDY

Provides international comparisons B Has been tracking U.S. progress in academic

in mathematics and science achievement achievement since 1969

Involves 41 countries and more than B Conducts assessments in various subject areas, including

30 languages mathematics, science, reading, writing,

Provides results at three grade levels — history/geography, and other fields

3/4, 7/8, and the final year of secondary B Assesses student achievement at grades 4, 8, and 12

schooling (grade 12 in the United States) B Began providing state-level as well as national

Was conducted in 1995 mathematics achievement results in 1990; assessments

Will be conducted again at the eighth grade also were conducted in 1992 and 1996

in 1999 B Provides results for 40 or more states; next assessment
is scheduled for the year 2000
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MATHEMATICS ACHIEVEMENT AS A PRIORITY IN THE UNITED STATES

TIMSS comes at a time when achievement in mathematics and science
has been designated as an educational priority. One of our eight current
National Education Goals is that “by the year 2000, the United States will be
first in the world in mathematics and science achievement.” In addition,
mathematics and science experts have issued majof calls for reform in the
teaching of these subjects. For example, the National Council of Teachers of
Mathematics published Curriculum and Evaluation Standards for School
Mathematics ' in 1989, and Professional Standards for Teaching Mathematics * in
1991.

Considerable energy is being devoted to reform in mathematics
education in many states, districts, schools, and classrooms, and the national
data from the NAEP 1996 mathematics assessment shows that progress in
student achievement has been made since 1990.° Average scores on the NAEP
mathematics scale were higher in 1996 than in 1992 for all three grades (4, 8
and 12), and higher in 1992 than in 1990. However, the improvement has
been concentrated at the basic and proficient levels, with few students (2% to

4%) performing at the advanced levels.

The TIMSS results show that U.S. students at grade 4 have reasonable
levels of mathematics achievement when compared with other countries. In
mathematics, U.S. fourth graders performed above the international average
of the 26 countries participating in the TIMSS assessment at that grade level.*
However, the international standing of U.S. fourth graders was stronger than
that of U.S. eighth graders.

In mathematics, U.S. eighth graders performed below the international
average of the 41 TIMSS countries.® Most of the 25 countries that participated
at both grades 4 and 8 had a similar standing relative to the international
average at both grade levels. Only one country—the United States—fell from
above the international average at grade 4 to below the international average

at grade 8.

From an international perspective, performance was even lower at grade
12.° In mathematics literacy (general knowledge), the U.S. students’ perform-
ance was below the international average and among the lowest of the 21

TIMSS countries. Students in only two countries (Cyprus and South Africa)
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performed significantly below students in the United States. In addition to
the general mathematics knowledge test for all students, 16 countries
participated in the assessment of advanced mathematics given to students
having taken advanced coursework in mathematics. No country scored below

the United States on the advanced mathematics test.

The NAEP results indicate that mathematics achievement is improving,
but taken together with the TIMSS results, it is clear that the United States

has far to go to reach its goal of high mathematics achievement.

The U.S. Department of Education has several initiatives designed to

continue monitoring U.S. students’ mathematics achievement in the future.

B The National Center for Education Statistics (NCES) will be conducting
a TIMSS follow-up study in 1999, when the students who took the
mathematics and science achievement tests in grade 4 have reached
grade 8. This will enable the participating countries to compare their
performance with the 1995 eighth-grade results and assess the level of
progress made by this group of students over the intervening 4 years.

B The NAEP mathematics assessment will be administered in the year 2000

to continue to monitor progress for the nation and states.

B In his 1997 State of the Union address, President Clinton challenged
every community and state to adopt national standards of excellence in
education. He called for voluntary administration of individual-level
national tests in mathematics at grade 8 to monitor progress toward

these standards.

Additionally, a substantial number of states and school districts either
have mathematics assessments or plan to have such assessments in the near
future. For example, of the 46 states with mathematics standards in place,
specialists in 23 states report that a state mathematics assessment is based on
the recently completed standards.” The remaining 23 states are developing or

have plans for new assessments.
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WHAT 1S THE PURPOSE OF THE MATHEMATICS ASSESSMENT MODULE?

This module aims to contribute to the mathematics education reform
efforts by inviting those engaged in developing, conducting, and improving
mathematics assessments to compare their efforts to the NAEP and TIMSS
mathematics assessments. This mathematics assessment module is intended to

do the following:

B Provide an overview of the NAEP and TIMSS mathematics assessment

frameworks.

B Show how the NAEP and TIMSS frameworks compare at grade 8 for the
areas of geometry and algebra. The intention is to illustrate how each
area in the mathematics frameworks includes a range of topics and to
provide in-depth information about the topics covered in the NAEP and
TIMSS assessments.

B Describe how the NAEP and TIMSS test questions are distributed across
the various mathematics content areas (e.g., number sense and operations,

algebra, geometry) described in the assessment frameworks.

B Illustrate how various topic areas in the NAEP and TIMSS assessment
frameworks have been operationalized into test questions by providing
examples of the geometry and algebra test questions included in NAEP
and TIMSS. .

B Describe how to use materials from those assessments to examine

mathematics assessments in states, districts, schools, and classrooms.

Perhaps most importantly, beyond serving as a vehicle to examine mathe-
matics assessments, this module can help bridge the gap between assessment
and practice. The in-depth look at the geometry and algebra topics assessed by
NAEP and TIMSS, and the types of test questions used, can be used as a lens
through which to examine the mathematics curriculum and instruction in
your state, district, school, or classroom. The assessment module provides
concrete descriptions of the kinds of mathematics that students were expected
to know and do in order to perform well in the NAEP and TIMSS

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA
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assessments, and that students will be expected to know and be able to do on
other upcoming mathematics assessments. The mathematics content areas
deemed important in national and international tests can serve to highlight
the types of mathematics that should be emphasized in curricula and

classroom instruction across the United States.

WHY EMPHASIZE GEOMETRY AND ALGEBRA IN THE ASSESSMENT MODULE?

This module focuses on geometry and algebra because the TIMSS results
consistently show the need for greater attention to more advanced mathemat-
ics topics in the eighth-grade curriculum. As will be demonstrated in this
module, the geometry and algebra areas account for almost one-half of the
items in the 1996 NAEP mathematics assessment and one-third of the items
in TIMSS.

B The results from the TIMSS international curriculum analysis confirmed
that curricula of the high-performing countries tend to focus on geome-
try and algebra, while eighth-grade mathematics curricula in the United
States consist largely of less advanced topics, with a preponderance of

arithmetic.®

B In the TIMSS videotapes of eighth-grade mathematics classrooms, 40
percent of U.S. eighth-grade mathematics lessons included arithmetic
topics such as whole number operations, fractions, and decimals,
whereas these topics were much less common in Germany and Japan. In
contrast, German and Japanese eighth-grade lessons were more likely to
cover algebra and geometry. Japanese schools offer a single curriculum
for all students through the end of grade 9. In mathematics, all eighth-
grade students study a curriculum focused heavily on algebra and

geometry.’
B Analyses of the mathematics content areas showing the most growth in

achievement between grades 7 and 8 revealed that several of the high-
performing countries showed the most growth in these two areas."
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B In the TIMSS assessment of students in their final year of secondary
school, it was in geometry where the U.S. advanced mathematics stu-
dents performed worst."" As noted by Neal Lane, Director of the National

Science Foundation:

“This is consistent with performance in grades 4 and 8, but unexpected
because these advanced students have all had formal geometry coursework.
The results show that both geometry and algebra need to be key subjects of

study throughout the curriculum.”

The questions listed in the chart below are important considerations as

you reflect on curriculum and assessment in your own state or district.

CuURRICULUM AND ASSESSMENT CONSIDERATIONS

B Considering the variety of mathematics course options available
to students in the United States, what percentage of eighth
graders in your state or school district are studying geometry
and algebra?

B Is the content of your students’ geometry and algebra courses as
rigorous as that envisioned by the NAEP and TIMSS frame-
works?

B Are eighth graders in your state or school district given opportu-
nities to solve geometry and algebra problems such as those
included in NAEP and TIMSS as part of their classroom instruc-
tion?

B Do state and district mathematics assessments at the eighth
grade include the types of geometry and algebra assessment
questions included in NAEP and TIMSS?

18
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How Is THE ASSESSMENT MODULE ORGANIZED?

The assessment module is organized to illustrate the process that a state
or school district might follow in examining its eighth-grade mathematics
assessment and comparing it with those of NAEP and TIMSS. The first section
of the assessment module describes the NAEP and TIMSS mathematics
frameworks. It describes the purpose of an assessment framework and how
frameworks are developed and gives an overview of the NAEP and TIMSS
mathematics frameworks. It provides a comparison between the two frame-
works, showing that at grade 8 the NAEP and TIMSS frameworks specify

similar coverage of mathematics content areas.

The framework section describes six key topic areas within geometry
based on an analysis of the topics emphasized at grade 8 in both the NAEP
and TIMSS frameworks. The geometry topics covered in each of the frame-
works are presented in detail, and a graphic is presented showing how the
topics covered in the NAEP and TIMSS frameworks relate to the six key
geometry areas. Similarly, five key topics within algebra are presented. The
algebra topics covered in the NAEP and TIMSS frameworks are presented in

detail and summarized in relation to the five key algebra areas.

The last two sections of the module present examples of the types of test
questions used in NAEP and TIMSS to assess the geometry and algebra content
areas, respectively. In each section, the example questions are presented by the
key topic areas common to NAEP and TIMSS. As each topic area within geome-
try and algebra is discussed, in turn, the example test questions provide
concrete examples that can help those responsible for state-, district-, school-,
and classroom-level assessments appreciate the kind of challenging content that

is an element of national and international assessments at grade 8.

The NAEP and TIMSS assessments use both open-ended and multiple-
choice questions. Each of the key topic areas is illustrated by several test
questions, together with the students’ achievement results. For each TIMSS
question, the achievement results are given for the United States, for the
highest one or two performing countries on that particular item, and in terms
of the average percent of correct responses across all of the 41 participating
TIMSS countries at grade 8. The average across countries is called the

international average.
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While the majority of the example test questions are from the eighth-
grade NAEP assessments conducted in 1992 and 1996 and the TIMSS assess-
ment conducted in 1995, some grade 4 test questions are presented to show
how fundamental concepts can be introduced and assessed for elementary
school students and some grade 12 test questions are shown to illustrate
future directions. Most of the TIMSS test questions are from the written
assessment. However, TIMSS also included a performance assessment where
subsamples of the fourth and eighth graders participating in the written
assessment performed “hands-on” tasks using more elaborate equipment such
as modeling clay, balances, scissors, and cardboard, and two of these tasks also
are presented in this module.” Since a substantial proportion of the NAEP
questions and about one-third of the TIMSS questions are being held secure
for use in measuring trends in achievement across time, occasionally items
were not available to illustrate important topic areas. In these instances, a
sample question has been developed and presented, even though, of course,

no assessment results are available.

As the module moves from section to section comparing NAEP and
TIMSS, it serves to illustrate the process that a state or school district could
perform to compare its mathematics assessment to the NAEP national assess-
ment and the TIMSS international assessment. More specifically, as described
below, the comparison begins at the global level and becomes more and more
specific. While this module describes the complete process only for geometry
and algebra at grade 8, a state or school district may find it worthwhile to

examine their assessment frameworks in all content areas and at other grades.

PROCESS FOR EXAMINING YOUR MATHEMATICS ASSESSMENTS

One of the goals of this publication is to help educators examine their
own assessments in relation to the content and performance expectations of
national and international assessments. Below are important questions to
help guide you through the process of analyzing your mathematics

assessment frameworks.

1.  What content areas and performance abilities are covered in your mathematics
Jframeworks? Compare your mathematics assessment to those of NAEP and
TIMSS at a global level, including the content areas (e.g., number sense,

ERIC ~
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and operations, geometry, and algebra) and performance abilities
covered. Understanding is more than simply knowing, and the NAEP
and TIMSS frameworks devote considerable attention to the perform-

ance dimension of assessment.

2. What is the relative emphasis of each of the content areas and performance
abilities? Compare your assessment framework to NAEP and TIMSS in
terms of the distribution of items across the areas designated in the
framework. It may be that the content areas and performance abilities

are similar, but that the emphasis of your assessment is different.

3. How do other aspects of your assessment approach compare to NAEP and TIMSS
(such as the mix of item formats as well as the use of manipulatives and
calculators)? NAEP, for example, includes manipulative materials such as
geometric shapes and TIMSS has a separate performance assessment

component.

4.  What geometry and algebra topic areas are included in your framework?
Compare the detail about the topics covered within each content area.
In geometry at grade 8, for example, the NAEP framework specifies
eight separate topics each with several subtopics and TIMSS presents two
major areas each with subareas. Try to identify similarities and differ-
ences among the NAEP and TIMSS topic areas and those specified in

your mathematics assessment framework.

5. Does your assessment include a range of item types and challenging test questions?
Examine the items in your assessment compared with those in NAEP and
TIMSS for each topic area. Give special attention to how challenging the
test questions are in terms of both the content and thought processes

required to produce a successful answer.

In examining your mathematics assessment, you may discover that it has
many desirable features not found in NAEP and TIMSS. Like any assessments,
the NAEP and TIMSS frameworks and test questions can be improved, and

some of the particular emphases may not be those stressed in your state or
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school district. Still, as the TIMSS experience has shown, the process of
comparison provides a basis for much insightful discussion and consideration
about the goals of mathematics education and the various ways to achieve
those goals.

There are, of course, many ways to approach assessment. The informa-
tion about frameworks as well as the geometry and algebra items presented in
the next sections of this module are intended to promote better understand-
ing of the assessment process, provide a catalyst for examining aspects of state
and local mathematics assessments, and inspire others to create high-quality
measures of mathematics learning. The achievement results for the items will
help readers better understand the strengths and weaknesses students have in
some mathematics topic areas and the importance of helping students

improve their understanding of and skills in mathematics.
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COMPARING THE NAEP AND TIMSS
MATHEMATICS ASSESSMENT
FRAMEWORKS

PURPOSE OF AN ASSESSMENT FRAMEWORK

One of the major challenges in assessing student proficiency in a school
subject is deciding just what questions to ask. Subjects such as mathematics,
science, and language cover a wide range of topics and are taught in a variety
of ways. Any assessment of student achievement that aims to do justice to
student learning must ensure that the topics and approaches that are the
major focus of teaching and learning efforts are adequately addressed.

In order that interested parties such as parents, students, teachers,
subject-matter experts, administrators, legislators, and community representa-
tives may understand the coverage of an assessment, it is necessary to have
some way to encapsulate and delineate the subject area to be assessed. An
Assessment Framework provides a conceptual structure within which the
content, nature, and extent of the assessment may be presented, together
with the specifications for the number, type, and content of the assessment
questions to be developed.

Since the assessment framework determines what will be assessed, it is
very important for the credibility of the results that the framework be
accepted by all interested parties as an adequate representation of the subject
matter as it is taught and as it should be learned. It should be noted that the
NAEP and TIMSS assessments contain items that cover a range of difficulty,
from basic knowledge that one would expect all students to have mastered at
that age to conceptually complex items in algebra and geometry. To ensure
general acceptance, both NAEP and TIMSS frameworks were developed

through an extensive and widely inclusive process of consensus building.

In NAEP, the assessment frameworks are developed under contract to
the National Assessment Governing Board (NAGB). Created by Congress in
1988 to formulate policy for NAEP, NAGB is specifically charged with

AR
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developing assessment frameworks and test specifications through a national
consensus approach, identifying appropriate achievement goals for each age

and grade, and carrying out other NAEP policy responsibilities.

The framework for NAEP’s 1996 mathematics assessment™ was developed
by the College Board through a process that incorporated input from a wide
range of interests and built on recent national reform efforts in mathematics
education and assessment, evaluations of previous NAEP frameworks and
assessments, and recommendations from the mathematics education and
assessment communities. This exhaustive process of consultation and review
ensured that the resulting frameworks were responsive to the major issues in
mathematics education and addressed as far as possible the concerns of those
working to improve student achievement in this area. The College Board also
developed specifications for the assessment items, with particular attention to
the mix of item formats, the item distribution over content areas within
mathematics, and the conditions under which items are to be presented to
students (e.g., use of manipulatives, use of calculators, and time to complete
the items).

The NAEP mathematics framework also serves as L
. , How was your state or district
the basis for NAEP’s voluntary state-level assessments

mathematics framework developed?

conducted in conjunction with the national assess-
ments. State-level assessments in mathematics have How is your framework tied to
been conducted at grade 8 in 1990, 1992, and 1996, as national and state standards?

well as at grade 4 in 1992 and 1996. Participation has

been widespread, with 40 or more states participating

in each assessment.

Ensuring consensus on a framework for an international assessment like
TIMSS provides additional challenges. Different traditions of mathematics
education, different approaches to curricular design, and different pedagogi-
cal philosophies all have to be reconciled in a framework that is acceptable to
all. In TIMSS, national research coordinators worked with the international
coordinating team, and with the assistance of a subject-matter advisory com-
mittee of international mathematics experts, to develop a framework for the
international assessment.* This work was informed by the preliminary results

from an analysis of the mathematics curricula of the participating countries.
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While no single framework can match exactly the curriculum of every coun-

try, the international assessments built on the TIMSS framework for eighth-

grade mathematics achieved a high degree of acceptance among mathematics

educators around the world.

OVERVIEW OF THE NAEP MATHEMATICS FRAMEWORK
The framework for the 1996 NAEP mathematics assessment considers

the curriculum in terms of strands of mathematical content drawn from five

broad areas of mathematics (Figure 1). These content strands reflect the con-
tent standards of the National Council of Teachers of Mathematics’ (NCTM)
Curriculum and Evaluation Standards for School Mathematics. The content strands

are not intended to separate mathematics into discrete elements, but rather

to provide a useful classification scheme that describes the full spectrum of

mathematical content.

What major content areas are
covered in your mathematics

assessment framework?

How does your framework
emphasize problem solving as well

as content?

Can you think of specific

examples?

How do these examples compare

with test items in this document?

Content descriptions alone cannot fully express
the kind of mathematical thinking described in the
NCTM Standards and suggested by research in effec-
tive mathematics education. In real life, few mathe-
matical situations fall clearly into one content strand
or the other, and few naturally reflect only one facet
of mathematical thinking. To ensure a broad scope in
test construction, items must be classified not just in
terms of content, but also in a way that captures a
wide range of mathematical abilities. To address this
issue of item classification, the NAEP framework
focuses primarily on the mathematical content
strands, but with additional specifications related to

an assessment dimension referred to as “mathematical power” (see Figure 1).

Mathematical power is conceived as consisting of mathematical abilities

(conceptual understanding, procedural knowledge, and problem solving)

within a broader context of reasoning, and with connections across the broad

scope of mathematical content and thinking. Communication is viewed as

both a unifying thread and a way for students to provide meaningful

responses to tasks. In the NAEP mathematics assessment, the conception of

mathematical power as reasoning, connections, and communication plays an

N
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FIGURE 1. MATHEMATICAL FRAMEWORK FOR NAEP 1996 FRAMEWORK
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SOURCE: National Assessment Governing Board, Mathematics Framework for the 1996 National Assessment of Educational Progress.
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important role in measuring student achievement. Through the use of
extended constructed-response questions, students are required to communi-
cate their ideas, demonstrate the reasoning used to solve problems, and
connect their learning across mathematical content strands and to other

disciplines.

OVERVIEW OF THE TIMSS MATHEMATICS FRAMEWORK

For the purposes of TIMSS, the curriculum consists of the subject-matter
content, the intellectual processes (performance expectations), and the affec-
tive outcomes (perspectives) of school mathematics and science that are
intended for, implemented in, or attained during students’ schooling experi-
ences. Any element of the curriculum may be characterized, therefore, in
terms of three parameters: subject-matter content, performance expectations,
and perspectives or context. These three parameters constitute the aspects or

dimensions of the TIMSS frameworks (see Figure 2).

Each aspect of the framework consists of a hierarchy of categories and
subcategories. In mathematics, the content aspect of the framework is parti-
tioned into 8 major categories, with each composed of 2 to 28 subcategories.
The content categories and subcategories were agreed upon following an
extensive process of consultation among mathematics educators, curriculum
specialists, and teachers from around the world. The content aspect of the

TIMSS framework corresponds to what NAEP terms content strands.

The performance expectations aspect of the TIMSS frameworks describe
the kinds of performance that students are expected to demonstrate while
engaged with the mathematics content. The five main categories are know-
ing, using routine procedures, investigating and problem solving, mathemati-
cal reasoning, and communicating. The performance expectations aspect is
closely aligned with the NAEP concepts of mathematical abilities and mathe-
matical power, and has antecedents in the NCTM Standards. Like the content
aspect, the performance expectations aspect has a hierarchical system of cate-
gories and subcategories, which may be used to provide more or less detail in

characterizing any particular element.

The perspectives aspect of the curriculum frameworks is intended to

depict curricular goals that focus on the development of students’ attitudes,

_7
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FIGURE 2. THE THREE ASPECTS AND MAJOR CATEGORIES OF THE

MATHEMATICS FRAMEWORK — TIMSS 1995

CONTENT

* Numbers

¢ Measurement

* Geometry

* Proportionality

¢ Functions, relations, and equations

* Data representation, probability, and statistics

¢ Elementary analysis
* Validation and structure

PERFORMANCE EXPECTATIONS

* Knowing

* Using routine procedures

* Investigating and problem solving
* Mathematical reasoning

¢ Communicating

PERSPECTIVES

* Attitudes

* Careers

* Participation

¢ Increasing interest
* Habits of mind

SOURCE: Robitaille, D.F., McKnight, C., Schmidt, W., Britton, E., Raizen, S., and Nicol, C. (1993).
TIMSS Monograph No. 1: Curriculum Frameworks for Mathematics and Science. Vancouver, BC:
Pacific Educational Press.
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interests, and motivations in mathematics and science teaching. This aspect
makes it possible to describe learning outcomes or curriculum materials that
are intended to promote positive attitudes, as well as goals that encourage

students to consider careers in mathematics, science, and technology.

DisTRIBUTION OF ITEMS ACROSs FRAMEWORK AREAS IN NAEP AND TIMSS

The distribution of assessment items among the various mathematical
content areas defined in a framework is a critical feature of any assessment
design, because it reflects the relative importance and value given to each of
the areas. The minimum percentages of items distributed among the content
strands in the NAEP mathematics assessments are presented in Figure 3.
(Because many test questions measure more than one content area, the actu-
al percentages are greater than these numbers with a total of more than
100%.) In TIMSS, the “blueprints” specifying the allocation of testing time to
content categories were based on expert opinion from the participating
countries and on a preliminary analysis of the curriculum analysis data. The
percentage of the items in each of the six content categories of the frame-

work used for the eighth-grade assessment is shown in Figure 4.

In terms of content coverage, the two frameworks have much in com-
mon, with the main difference being one of emphasis. In the NAEP item
pool, 45 percent of the items are devoted to algebra and geometry, whereas

FIGURE 3. MINIMUM PERCENTAGE DISTRIBUTION OF ITEMS

BY CONTENT STRAND IN GRADE 8 — NAEP 1996

Number Sense, Properties,

and OPerations.........ccvvveervsnrinisissnnisseessansessissnnsesserssnsassnsssnes 25
Measurement .......cceecceetresscneiesnnieecsnensscssnnnsesssnsessssnesssssssssssssansess 15
Geometry and Spatial Sense .........ccocovveeeercnescnnsencnnsanesnensnessananna, 20
Data Analysis, Statistics,

and Probability .......ccvivvinnininiinninnnnneeenee e 15
Algebra and FUNCHODS .....covcevvereerisirinensnessnisssnssansssessnesssansssesanss 25
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in TIMSS the corresponding figure is 33 percent. TIMSS, on the other hand,
places more emphasis on number sense, and particularly on fractions and
proportions. The TIMSS categories of fractions and number sense and
proportionality account for 41 percent of the item pool, compared with 25
percent for the NAEP content strand of number sense, properties, and
operations. The areas of measurement and data analysis, statistics, and
probability contain approximately equal percentages of the item pools in
both frameworks.

While the scope of NAEP’s 1996 item pool was speci-

fied primarily in terms of mathematics content coverage,

What are the relative emphases of

it was important also to maintain a balance across items

. . content areas and processes in
measuring the central aspects of mathematical power. p

The 1996 specifications were designed to incorporate the your framework?
overarching NCTM Standards for problem solving, com- What kinds of test questions does

municating, reasoning, and connecting, as well as the your assessment include?

NCTM assessment categories of conceptual understand-
ing, procedural knowledge, and problem solving. The intention was to ensure
that the assessment reflected a balance among items that measured “knowing
that” or “knowing about,” “knowing how,” and “solving problems,” within an

overall demonstration of mathematical thinking in a variety of situations. At

each grade level, the framework called for
approximately one-third of the items to be FIGURE 4. PERCENTAGE DISTRIBUTION OF ITEMS BY
classified as conceptual understanding, at least  [RECNIALRE ISR GRADE 8 — TIMSS 1995

one-third as procedural knowledge, and at least Fractions and Number Sense
one-third as problem solving. These guidelines

. . Measurement ........cccuveeeeceissnnecessanesssssnsessssanees 12
applied only to the item pool as a whole and

were not to be applied separately within each Data Representation, Analysis, and
content strand. In developing the TIMSS blue-
prints, balance across the categories of the
performance expectations aspect also was an

important concern.

30

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA



ATTAINING EXCELLENCE: TIMSS AS A STARTING POINT TO EXAMINE MATHEMATICS ASSESSMENTS

ERIC

SRR A Tt Provided by ERIC

CaLcutATOR Use IN NAEP anD TIMSS

Increased emphasis on calculator usage in carrying out mathematics
tasks and solving problems is a feature of the NAEP 1996 assessment frame-
work. This is in line with the philosophy of the NCTM Standards that the avail-
ability of such tools should provide students with an opportunity to demon-
strate a higher level of mathematical thinking than they would otherwise be
able to exhibit. Increased calculator use also is consistent with practices in
most states, regarding both classroom work and assessment. Permitting stu-
dents access to calculators as part of the assessment process can provide a
more realistic picture of the mathematics that students know and are able to
do in their real world. In the NAEP 1996 assessment, students were provided
calculators (four-function at grade 4 and scientific at grades 8 and 12) to use

with approximately one-third to one-fourth of the items.

For reasons of equity and uniformity across countries, TIMSS did not
permit calculator usage as part of the assessments at grades 4 and 8. This was
a matter of lengthy debate because some countries were working to incorpo-
rate calculator usage into their curricula at these grades and supported
calculator use as part of the testing, while other countries did not include
calculator use as part of mathematics instruction, or even forbade it. The
issue was resolved by resource limitations. Many of the fourth and eighth
graders in a number of the TIMSS countries did not own calculators, and
these countries simply did not have the resources to provide calculators for
students during the testing. Since the testing of high school students involved
advanced mathematics and physics, students were permitted to use calculators
for all assessments during the TIMSS testing if they wished.

USE OF MATHEMATICAL TOOLS AND MANIPULATIVES IN NAEP AND TIMSS

As well as recommending increased calculator usage in the assessment,
the 1996 NAEP framework called for greater use of other mathematical tools
such as rulers and protractors and for the inclusion of manipulable geometric
shapes where feasible.

TIMSS included a performance assessment where subsamples of the
fourth and eighth graders participating in the main survey also did “hands-
on” tasks using materials easily accessible to all participating countries. In one
task, Rubber Bands, students investigated what happened to the length of a
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rubber band as more and more weights were hung on it. They graphed their
data, described the trend in their data, and extrapolated beyond their data to
make predictions or to develop general rules. In another
task they were given a balance, 20g and 50g weights, and
modeling clay. They were asked to form lumps of clay Does your assessment include the
weighing 20g, 10g, 15g, and 35g in weight (in that order), [ERECKRERUEIICHERTCIRI LN
and to explain their strategy for forming each one. For manipulatives?

the Around the Bend task, students were supplied with a

wooden model of a corridor having a right-angle bend,

and several pieces of cardboard cut to represent pieces of furniture. The task,
in general, was to make judgments about the real-world furniture represented
by the models and generalize a rule so that the furniture would always go
around the bend. Two TIMSS performance tasks are included in the section
presenting geometry items. One involves constructing nets of boxes and the

other requires folding and cutting to make geometric shapes.

GEOMETRY AND SPATIAL SENSE IN NAEP AND TIMSS IN GRADE 8

This section looks specifically at the geometry content area in the NAEP
and TIMSS mathematics frameworks. Within each content area, the NAEP
and TIMSS frameworks contain detail about the topics and subtopics that
should be assessed. As shown in Figure 5, the NAEP framework for geometry
is quite detailed, including eight major topic areas at grade 8 and a ninth
area that can be assessed at an introductory level. Most of the topic areas con-
tain subtopics. Usually the NAEP topics and subtopics include a process
dimension. That is, students are required to “describe,” “draw,” or “apply”
knowledge and understanding about geometric shapes, including their loca-

tion, relationships, and properties.

As shown in Figure 6, the TIMSS framework also contains detail about
the content that should be covered in geometry. The listing, however, focuses
solely on content because the TIMSS framework assumes that the perform-
ance expectations (e.g., using routine procedures, investigating and problem
solving, and mathematical reasoning) apply to all specified content. TIMSS
has two major topic areas. The first topic area involves position, visualization,
and shape in two- and three-dimensional geometry. The second area covers

symmetry, congruence, and similarity.
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An examination of the NAEP and TIMSS geometry frameworks indicates

substantial overlap in the geometry topics covered. The following are six

major topic areas included in both frameworks.

areas relate to the geometry con-
tent specified in both the NAEP
and TIMSS mathematics frame-
works. Geometry items from
NAEP and TIMSS illustrating

ARFEA ONE: Describe, Visualize, Draw, and Construct Geometric Figures.
AREA TWO: Combine, Subdivide, and Change Geometric Figures.

ARFA THREE: Identify Relationships Between Figures in Terms of
Symmetry, Motions and Transformations, and Congruence and

Similarity.

AREA FOUR: Apply Geometric Properties and Relationships in Solving

Problems.

AREA FIVE: Represent Geometric Figures and Properties Algebraically
Using Coordinates and Properties of Lines.

AREA SIX: Solve Real-World Problems Using Geometric Models and
Explain Relationships Involving Geometric Concepts.

Figure 7 shows how the six

Are these six areas of geometry

included in your geometry framework?

Are any of these areas more

emphasized than others?

each of the six areas are found in

the next major section of this document.

GEOMETRY AND SpATIAL SENSE IN NAEP

NAEP's geometry content area at grades 4 and 8 extends well beyond

low-level identification of geometric shapes. The NCTM Standards stress that

spatial sense must be an integral component of the study and assessment of

geometry, and the NAEP assessment is consistent with this view. The focus is

on drawings and constructions, as well as on mathematical reasoning about
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combinations of shapes and transformations. Using proportional thinking in
geometric contexts is important, as is making some initial links between

geometry and algebra.

As previously noted (see Figure 1), mathematical abilities (conceptual
understanding, procedural, and problem solving), connections across mathe-
matical content, and communication skills are viewed as unifying threads

across all NAEP content areas.

The topics and subtopics within the geometry content area have been
excerpted from the NAEP 1996 Mathematics Framework and presented in
Figure 5. The topic list was intended to be illustrative rather than inclusive.
However, some level of specificity was needed to guide item writers and
ensure adequate coverage of the content areas and abilities to be assessed.
Also, test questions that involved synthesizing knowledge across topics and
subtopics were considered desirable. In everyday life, individuals are expected
to solve problems that naturally involve more than one specific mathematics
topic.

For each of grades 4, 8, and 12, the following symbols were used in the
NAEP framework:

“@” Indicates that the subtopic could be assessed at that grade level.

“®” Indicates that the subtopic may be assessed at that grade level,

probably using manipulatives or a pictorial model.

“O” Indicates that the subtopic should not be assessed at that grade
level.

Even though the emphasis in this document is on grade 8, with some
attention on the types of understandings assessed at grade 4, Figure 5 pres-
ents the complete set of geometry topics specified, including grade 12. This
will help users of this document place the progression of geometric learning

into perspective across the school years.
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FIGURE 5. NAEP 1996 MATHEMATICS FRAMEWORK: GEOMETRY AND SPATIAL SENSE

1. Describe, visualize, draw, and construct geometric figures

a. Draw or sketch a figure given a verbal description o o o

b. Given a figure, write a verbal description of its geometric O o o
qualities

2. Investigate and predict results of combining, subdividing, and ® ® ®

changing shapes (e.g., paper folding, dissecting, tiling, and

rearranging pieces of solids)

3. Identify the relationship (congruence, similarity) between a

figure and its image under a transformation

a. Use motion geometry (informal: lines of symmetry, flips, turns, o o o
and slides)

b. Use transformations (translations, rotations, reflections,
dilations, and symmetry)

i. Synthetic O ® o

ii. Algebraic O O o

4. Describe the intersection of two or more geometric figures

a. Two dimensional Q o o

b. Planar cross-section of a solid O o e
5. Classify figures in terms of congruence and similarity, and

informally apply these relationships using proportional O o o

reasoning where appropriate

@® Subtopic can be assessed at this grade level.

® Subtopic may be introduced at a simple level (e.g., using a manipulative or pictorial model).

O Subtopic should not be assessed at this grade level.

o 3 5
ERIC

MBI A T Provided by ERIC

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA 23



ATTAINING EXCELLENCE: TIMSS AS A STARTING POINT TO EXAMINE MATHEMATICS ASSESSMENTS

FIGURE 5. CONTINUED

6. Apply geometric properties and relationships in solving
problems

”

a. Use concepts of “between,” “inside,

” & kd

on,” and “outside

b. Use the Pythagorean relationship to solve problems

Qe
o
o

c. Apply properties of ratio and proportion with respect to
similarity

d. Solve problems involving right triangle trigonometric O o o
applications

7. Establish and explain relationships
involving geometric concepts
a. Make conjectures
b. Validate and justify conclusions and generalizations

cCee
o
o

c. Use informal induction and deduction

8. Represent problem situations with geometric models and apply o o o
properties of figures in meaningful contexts to solve mathematical

and real-world problems

9. Represent geometric figures and properties algebraically using
coordinates and vectors
a. Use properties of lines (including distance, midpoint, slope, O © o
parallelism, and perpendicularity) to describe figures
algebraically
b. Algebraically describe conic sections and their properties O

© O

c. Use vectors in problem situations (addition, subtraction, O
scalar multiplication, dot product)

@ Subtopic can be assessed at this grade level.
© Subtopic may be introduced at a simple level (e.g., using a manipulative or pictorial model).

O Subtopic should not be assessed at this grade level.
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GEOMETRY IN TIMSS

The geometry content section of the TIMSS Detailed Mathematics
Framework is reproduced in Figure 6. Of the three aspects in the TIMSS
mathematics framework (content, performance expectations, and perspec-
tives), the content aspect consists of a breakdown of the subject matter into
varying levels of specificity. As noted in the TIMSS framework, the task of
determining an appropriate number of categories and subcategories was a
challenging one. The categories used in the TIMSS framework were discussed
extensively in many international settings, and there was consensus that the
ones used were appropriate for their intended purpose. In developing frame-
works, there is always a tension between providing the detail necessary for test
developers and becoming so atomized in the presentation of details that the

essential themes of the content area are lost.

The performance expectations aspect of the TIMSS framework describes
the kinds of performance that students will be expected to demonstrate while
engaged with the content, including knowing, using routine procedures, inves-

tigating and problem solving, mathematical reasoning, and communicating.

Q o ﬂ?
ERIC LY
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FIGURE 6. TIMSS DETAILED MATHEMATICS FRAMEWORK: GEOMETRY

1. GEOMETRY: POSITION, VISUALIZATION, AND SHAPE
a. Two-dimensional Geometry

Coordinate Geometry (line and coordinate graphs, equation of line in
the plane, conic sections and their equations);

Basics (points, lines, segments, rays, angles; parallelism and
perpendicularity); and

Polygons and Circles (triangles; quadrilaterals: their classification and
properties; Pythagorean theorem and applications; other polygons,

circles, and their properties)
b. Three-dimensional Geometry

(three-dimensional shapes and surfaces and their properties; planes
and lines in space; spatial perception and visualization; coordinate
systems in three dimensions; equations of lines, planes, and surfaces
in space)

c. Vectors

2. GEOMETRY: SYMMETRY, CONGRUENCE, AND SIMILARITY

a. Transformations (patterns, tessellations, friezes, stencils, etc.;
symmetry [line and rotational symmetry, symmetry in three
dimensions, symmetry in algebra and number patterns];
transformations: symmetries and congruence, enlargements
[dilations], combinations of geometric transformations, group
structure of transformations, matrix representation of

transformations)

b. Congruence and Similarity (congruences [congruent triangles and
their properties; SSS, SAS], congruent quadrilaterals and polygons
and their properties, similarities [similar triangles and their
properties])

c. Constructions Using Straight-Edge and Compass
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FIGURE 7. GEOMETRY AND SPATIAL SENSE AT GRADE 8:

THE RELATIONSHIP BETWEEN THE CONTENT DIMENSIONS OF THE 1996 NAEP AND TIMSS
MATHEMATICS FRAMEWORKS AT GRADE 8

Assessment Module Area
Geometry and Spatial Sense

1996 NAEP Framework

TIMSS Framework

AREA ONE: Describe,
Visualize, Draw, and Construct

Geometric Figures

Subtopic 1: Describe,
Visualize, Draw, and

Construct Geometric Figures

Subtopic 1: Position,

Visualization, and Shape:

B) Two-dimensional (points,
lines, angles)

C) Two-dimensional (polygons
and circles)

D) Three-dimensional (shapes

and surfaces)

AREA TWO: Combine,
Subdivide, and Change
Geometric Figures

Subtopic 2: Investigate and
Predict Results of Combining,
Subdividing, and Changing
Shapes

Subtopic 4: Describe the
Intersection of Two or More

Geometric Figures

Subtopic 1: Position,
Visualization, and Shape:
C) Two-dimensional
(polygons and circles)
D) Three-dimensional

(shapes and surfaces)

AREA THREE: Identify
Relationships Between Figures
in Terms of Symmetry, Motions
and Transformations, and

Congruence and Similarity

Subtopic 3: Identify the
Relationships (Congruence,
Similarity) Between a Figure
and Its Image Under a
Transformation

Subtopic 5: Classify Figures
in Terms of Congruence and

Similarity

Subtopic 2: Symmetry,
Congruence, and Similarity:
A) Transformations

B) Congruence and Similarity
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FIGURE 7. CONTINUED

1996 NAEP Framework

TIMSS Framework

Assessment Module Area 1
|
|

AREA FOUR: Apply Geometric

Properties and Relationships in |

Solving Problems i

Subtopic 6: Apply Geometric
Properties and Relations in
Solving Problems (Pythagorean
Relationships; Ratio and
Proportion with Respect to
Similarity)

Subtopic 5: Apply the
Relationships of Congruence
and Similarity Using

Proportional Reasoning

Subtopic 1: Position,

Visualization, and Shape:

C) and D) Properties of Two-
and Three-Dimensional
Shapes; Application of
Pythagorean theorem

AREA FIVE: Represent
Geometric Figures and
Properties Algebraically Using
Coordinates and Properties of

Lines

Subtopic 9: Represent
Geometric Figures and
Properties Algebraically
Using Coordinates and

Properties of Lines

Subtopic 1: Position,

Visualization, and Shape:

A) Two-dimensional
(Coordinate Geometry)

AREFA SIX: Solve Real-World
Problems Using Geometric
Models and Explain
Relationships Involving

Geometric Concepts

Subtopic 7: Establish and
Explain Relationships
Involving Geometric Concepts
Subtopic 8: Represent
Problem Situations with
Geometric Models and

Apply Properties of Figures

in Meaningful Contexts to
Solve Mathematical and
Real-World Problems

40
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ALGEBRA AND FUNCTIONS IN NAEP AND TIMSS IN GRADE 8

As with the geometry frameworks for NAEP and TIMSS, the detailed
algebra frameworks contain considerable overlap. The NAEP detailed frame-
work for algebra is shown in Figure 10. It contains seven major areas, with
another six areas to be assessed at an introductory level. The TIMSS detail
relating to the area of algebra is shown in Figure 9. Primarily, the TIMSS
framework focuses on functions, relations, and equations. However, it is

organized differently from the NAEP framework in some respects.

Comparing the important areas encompassed in the NAEP and TIMSS
detailed frameworks at grade 8 yielded five major areas within algebra and

functions. These five areas include:

B ARFEA ONE: Recognize and Extend Patterns and Relationships
B AREA TWO: Use Symbols to Represent Situations Algebraically

B AREA THREE: Evaluate and Perform Operations on Algebraic
Expressions (Includes Exponents and Roots)

B ARFEA FOUR: Solve Linear Equations and Inequalities (Includes
Graphical Representations of Equations)

B AREA FIVE: Solve Real-World Problems Using Algebraic Models and
Explain Relationships Involving Algebraic Concepts

The relationship between the five areas and the topics specified in both
the NAEP and TIMSS frameworks is shown in Figure 10. Algebra items
illustrating each of these five areas are presented in the last section of this
document (see “Sample Test Items: Algebra and Functions”).

Are these five areas in your algebra framework?

Which areas are more emphasized than others?
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ALGEBRA AND FUNCTIONS IN NAEP

In the NAEP mathematics framework, the algebra and functions content
strand extends from work with simple patterns at grade 4 to sophisticated
analysis at grade 12, involving precalculus and some topics from discrete
mathematics. Algebra can be thought of in many ways, including the study of
patterns, functions, and relations; the interconnection between language and
representations; building structures based on generalized arithmetic; or mod-
eling phenomena. The topics and subtopics within the algebra and functions
content area have been excerpted from the NAEP 1996 Mathematics
Framework and presented in Figure 8.

To show the range across the grades, Figure 8 presents the complete set
of topics specified for algebra and functions. However, as can be seen, topics
8 through 14 are primarily for high school students. On the figure a “@®” indi-
cates that the subtopic could be assessed at that grade level, a “®©” indicates
that the subtopic might be introduced in the assessment at a very simple
level, probably using a manipulative or pictorial model, and a “O” indicates

that the subtopic should not be assessed at that grade level.

At grade 8, this content area includes the concept of variable and the
development of symbol sense. The assessment includes items about the mean-
ing of variable and an understanding of symbolic representations in problem-
solving contexts. Students are asked to use variables to represent a rule
underlying a pattern. Students also are expected to demonstrate fluency with
equivalent algebraic representations. They should be able to use a variety of
methods to solve linear equations and inequalities, and have a beginning
understanding of using linear functions, equations, and other representations
as modeling tools. Students also should be able to apply algebraic thinking
and notation to solve problems and justify their conclusions. They should be
expected to relate representations of problem situations arithmetically (e.g.,
using a table), algebraically (e.g., using an equation or function), and

geometrically (e.g., using a graph).

ERIC
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—

FIGURE 8. NAEP 1996 MATHEMATICS FRAMEWORK: ALGEBRA AND FUNCTIONS

Grade

4 8 12
Describe, extend, interpolate, transform, and create a wide variety
of patterns and functional relationships
a. Recognize patterns and sequences ] ] e
b. Extend a pattern or functional relationship ] e e
c. Given a verbal description, extend or interpolate with a pattern O ] ]

(complete a missing term)
d. Translate patterns from one context to another O] ] [
e. Create an example of a pattern or functional relationship e e ]
f. Understand and apply the concept of a variable O] ] e
Use multiple representations for situations to translate among e ] ]
diagrams, models and symbolic expressions
Use number lines and rectangular coordinate systems as
representational tools
a. Identify or graph sets of points or lines on a number line or in [ [ ]
a rectangular coordinate system

b. Identify or graph sets of points in a polar coordinate system O e e
c. Work with applications using coordinates O ] e
d. Transform the graph of a function O © ]
Represent and describe solutions to linear equations and inequal-
ities to solve mathematical and real-world problems
a. Solution sets of whole numbers ] e ]
b. Solution sets of real numbers © ] ]

@ Subtopic can be assessed at this grade level.

O Subtopic should not be assessed at this grade level.

© Subtopic may be introduced at a simple level (e.g., using a manipulative or pictorial model).

ERIC

WA FuiToxt Provided by ERIC
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FIGURE 8. CONTINUED

Grade
4 8 12
5. Interpret contextual situations and perform algebraic
operations on real numbers and algebraic expressions to
solve mathematical and real-world problems
a. Perform basic operations, using appropriate tools, on real o o o
numbers in meaningful contexts (including grouping and
order of multiple operations involving basic operations,
exponents, and roots)
b. Solve problems involving substitution in expressions and o) P P
formulas
c. Solve meaningful problems involving a formula with one 9) ® o
variable
d. Use equivalent forms to solve problems 9) o o
6. Solve systems of equations and inequalities using appropriate
methods
a. Solve systems graphically ) ® ®
b. Solve systems algebraically O o P
c. Solve systems using matrices 0 0 ®
7. Use mathematical reasoning
a. Make conjectures P P P
b. Validate and justify conclusions and generalizations P P P
c. Use informal induction and deduction ® ® ®

@ Subtopic can be assessed at this grade level.
©® Subtopic may be introduced at a simple level (e.g., using a manipulative or pictorial model).

O Subtopic should not be assessed at this grade level.

ERIC 4
@ A;
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FIGURE 8. CONTINUED

Grade
4 8 12
8. Represent problem situations with discrete structures
a. Use finite graphs and matrices Y ® ®
b. Use sequences and series 0O 0O ®
c. Use recursive relations (including numerical and graphical 0O 0O Y
iteration and finite differences)
9. Solve polynomial equations with real and complex roots using a O 9) ®
variety of algebraic and graphical methods and using
appropriate tools.
10. Approximate solutions of equations (bisection, sign changes, and 0O ® °
successive approximations)
11. Use appropriate notation and terminology to describe O O °
functions and their properties (including domain, range, func-
tion composition, and inverses)
12. Compare and apply the numerical, symbolic, and graphical prop- ®) ® ®
erties of a variety of functions and families of functions, examin-
ing general parameters and their effect on curve shape
13. Apply function concepts to model and deal with real-world O ® Y
situations
14. Use trigonometry
a. Use triangle trigonometry to model problem situations 0O 0O ®
b. Use trigonometric and circular functions to model O ®) Y
real-world phenomena
c. Apply concepts of trigonometry to solve real-world problems 0O 9) Y
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ERIC

]—3

ALGEBRA AND FUNCTIONS IN TIMSS

The algebra and functions content section of the TIMSS Detailed
Mathematics Framework is reproduced in Figure 9. Just as NAEP stresses the
same cognitive abilities across content areas (conceptual understanding, pro-
cedural knowledge, and problem solving) and emphasizes reasoning,
communicating, and making connections, TIMSS uses the same performance
expectations across the content areas, including knowing, using routine pro-

cedures, investigating and problem solving, reasoning, and communicating.

Because the content of TIMSS is arranged somewhat differently from
that of NAEP, several TIMSS mathematics content areas are referenced in
Figure 9. The first is the area of functions, relations, and equations. However,
TIMSS covers exponents, roots, and radicals within the area of numbers
under a section designated as “other numbers and number concepts,” and
linear interpolation and extrapolation under proportionality (an area cov-
ered separately in TIMSS but not in NAEP).

FIGURE 9. TIMSS DETAILED MATHEMATICS FRAMEWORK:

ALGEBRA AND FUNCTIONS

1) Functions, Relations, and Equations
a) Patterns, relations, and functions
b) Equations and formulas

2) Number Concepts
a) Exponents, roots, and radicals

3) Proportionality

a) Linear interpolation and extrapolation
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FiGURE 10. ALGEBRA AND FUNCTIONS AT GRADE 8:

THE ReLATIONSHIP BETWEEN THE CONTENT DIMENSIONS OF THE 1996 NAEP AND TIMSS
MATHEMATICS FRAMEWORKS

Assessment Module Area
Algebra and Functions

1996 NAEP Framework

TIMSS Framework

AREA ONE: Recognize and
Extend Patterns and
Relationships

AREA TWO: Use Symbols
to Represent Situations
Algebraically

Subtopic 1: Describe, extend,
interpolate, transform, and
create a wide variety of patterns
and functional relationships

Subtopic 1: Functions,

Relations, and Equations

A) Patterns, Relations,
and Functions

Subtopic 2: Use multiple
representations for situations to
translate among diagrams, mod-
els, and symbolic expressions

Subtopic 1: Functions,
Relations, and Equations
B)Equations and Formulas

AREA THREE: Evaluate and
Perform Operations on
Algebraic Expressions (Includes
Exponents and Roots) l

AREA FOUR: Solve Linear
Equations and Inequalities
(Includes Graphical Represen-
tations of Equations)

Subtopic 5: Perform
algebraic operations on J
real numbers and algebraic
expressions, including substitu-
tion in expressions and formulas

e Jp—

Subtopic 1: Functions,
Relations, and Equations
B) Equations and Formulas
Subtopic 2: Number Concepts
A) Exponents, roots,

and radicals

Subtopic 4: Represent and
describe solutions to linear
equations and inequalities to
solve mathematical and real-
world problems

Subtopic 6: Solve systems of
equations and inequalities using |
appropriate methods '
(e.g., graphically)

Subtopic 3: Use number lines
and rectangular coordinate sys-
tems as representational tools

Subtopic 1: Functions,

Relations, and Equations

B) Equations and Formulas

Subtopic 3: Proportionality

A) Linear Interpolation
and Extrapolation

AREA FIVE: Solve Real-World
Problems Using Algebraic i
Models and Explain \
Relationships Involving ;
Algebraic Concepts

Subtopic 7: Use Mathematical
Reasoning |
Subtopic 5: Interpret Contextual
Situations and Solve Real-World
Problems

Depends on the Problem-
Solving Task
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SAMPLE TEST ITEMS:
GEOMETRY AND SPATIAL SENSE

AREA ONE: GEOMETRY AND SPATIAL SENSE
DescriBg, VisSUALIZE, DRAW, AND CONSTRUCT GEOMETRIC FIGURES

As described in the NCTM Standards, identification, description,
comparison, and classification of geometric figures and their properties are
important skills in the content area of geometry. The NAEP framework
requires students to describe, visualize, draw, and construct geometric figures,
and the TIMSS framework covers familiarity with a wide variety of geometric
figures and their properties, including both two- and three-dimensional
shapes. TIMSS also specifically mentions points and lines, angles, parallelism,
and perpendicularity.

In summary, students should be able to describe, visualize, draw, and
construct a wide variety of geometric figures. These figures include points
and lines; line segments, rays, and angles; and coordinate systems. The two
frameworks mention a broad array of two-dimensional shapes, including tri-
angles, quadrilaterals, other polygons, and circles. Three-dimensional shapes

also are emphasized, such as cubes, rectangular solids, and spheres.

There are many opportunities for students to provide descriptions of
geometric qualities, draw or sketch various figures, or to visualize relation-

ships. For example, students might be asked to:

B Compare geometric shapes, giving examples of how they are similar and
different.

B Identify the two-dimensional shapes making up the faces of a three-

dimensional model.
B Write a description of a figure or picture composed of geometric figures.

B Use a protractor and a ruler to draw and construct a variety of one-, two-,

and three-dimensional geometric figures.
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The following questions from the NAEP and TIMSS assessments illus-
trate a few of the types of items included in this area.

To answer Example 1, fourth graders participating in NAEP’s 1996 assess-
ment received a packet of six cardboard pieces: two each of shapes N, P and

Q shown below. They were asked to describe how shape N differed from
shapes P and Q.

N SN EN
I NG PN

Nearly two-thirds of the fourth graders successfully described a differ-

ence. Students could have provided any of the following information:

B N is a square, but P and Q are triangles.
B N has four sides, vertices, angles, but P and Q each have three.

B All of the angles of N are right angles, but not for P and Q.

NAEP 1996

Example 1: Describe Triangles and Squares

Laura was asked to choose 1 of the 3 shapes N, P, and Q thatis
different from the other 2. Laura chose shape N. Explain how
shape N is different from shapes P and Q.

Answer: W__has U Swdes P X o(\\\;[ a2 5
Pr Q.S <cides ave alfeidns \engths
N are &\) -e,ﬁ_,\,c\\ Example 1 Grade 4
United States

% correct
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Some test questions in NAEP and TIMSS assessed students' ability to
draw simple geometric figures, such as squares, rectangles, and triangles,
while other questions assessed more complex concepts such as drawing
quadrilaterals other than rectangles and drawing perpendicular lines. As
expected, performance varied by grade level and according to the complexity
of the drawing required. As shown in Example 2 from NAEP’s 1992 assess-
ment, 40 percent of the fourth graders and 67 percent of the eighth graders
were successful when asked to draw a square given two corner points. Correct
figures included squares with the given dots as either adjacent vertices or as

diagonal vertices.

NAEP 1992

Example 2: Draw a Square

In the space below, use your ruler to draw a square with two of
its corners at the points shown.

Example 2

Grade 4

United States

% correct

Grade 8

United States

% correct Two Possible Solutions

K
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As would be anticipated, NAEP and TIMSS results suggest that as geometric
figures become more complex, students have more difficulty visualizing them.
One 1992 NAEP test question (see Example 3) asked fourth- and eighth-grade
students to visualize how a flat object will appear if it is folded into a cube.
Eighth graders were more adept at this task than fourth graders (55% correct at
grade 8 and 22% correct at grade 4). At grade 4, 28 percent of the students sim-
ply selected B as the letter on top of the diagram. However, the most popular
incorrect answer was D (30% at grade 4 and 22% at grade 8), indicating that
some students could visualize the cube folded up with the blank square as the
base, even though they had difficulty visualizing the folded cube resting on face
X. As suggested in the NCTM analysis of the results of NAEP’s 1992 mathematics
assessment, seventh grade students may need more practice and experience with
different types of nets (flat shapes that will fold up to make a solid). Through
folding nets students will not only improve their visualization skills but will also
gain a better understanding of the relationship between three-dimensional and
two-dimensional shapes.

Example 33 on page 78
( ple bag R‘ Example 3:
presents a TIMSS perform- . . .
£ Visualize Three-dimensional Cube
ance task based on
tructi ts. 1
constructing nets.) 9 B
9
2 A X|D
C
The squares in the figure above repre-
sent the faces of a cube which has
been cut along some edges and flat-
tened. When the original cube was
resting on face X, which face was on
Example 3 Grade 4 top?
United States ............ 22 @ A
% correct
B. B
Grade 8
. C. C
United States ........... 55
% correct D. D

o1
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Example 4 assesses students’ understanding of the relationship between
points on a line, as a precursor to more complex concepts necessary for ana-
lytic geometry such as distances between points on a line, locations of
midpoints, and slopes. To receive full credit, a student needed to provide a
diagram illustrating the idea that B is halfway between A and C. Thus, B
could be shown as the midpoint between A and C as demonstrated by the
answer below. (Of course, C and A could have been reversed in the drawing,

and the line does not have to be horizontal.)

Example 4: Visualize and Draw Points on a Line
Jaime knows the following facts about points A, B, and C.
¢ Points A, B, and C are on the same line, but might not be in that

order.
¢ Point C is twice as far from point A as it is from point B.

AOO= =ump7Z

Jaime concluded that point C is always between points A and B.

Is Jaime’s conclusion correct?

1 Yes No

In the space provided, use a diagram to explain your answer.

Example 4  Grade 8 '/—.'E—_”t

United States ............ 23 ( \

% correct

Can the students in your classroom, school, district, and state

visualize and draw a variety of one-, two-, and three-dimensional

geometric shapes?

r
SY4
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AREA TWO: GEOMETRY AND SPATIAL SENSE
COMBINE, SUBDIVIDE, AND CHANGE GEOMETRIC FIGURES

Under this area, students were asked to build on their drawing, visualiz-
ing, and constructing skills to create new shapes with certain characteristics.
This area includes NAEP's Subtopic 2, investigating and predicting results of
combining, subdividing, and changing shapes, as well as Subtopic 4 where stu-
dents are asked to describe the intersection of two or more geometric figures.
From the TIMSS framework, this area includes familiarity with two- and three-

dimensional shapes. In particular, students could:
B Use cardboard shapes to create new shapes with certain characteristics.

B Draw all the possible figures that could be formed from two (or three or

four) given shapes.

B Draw the figures that could result from making one (or two or three)

straight cuts in a given solid.

B Determine how many figures are within a figure (e.g., squares in a rec-

tangle, cubes in a rectangular solid, triangles in a trapezoid).

Examples 5 and 6, given in NAEP’s 1996 assessment, also were based on
the six cardboard shapes described under Example 1. In Example 5, fourth
graders were asked to draw a square using these manipulatives, while in
Example 6, eighth graders were asked to outline figures embedded in a larger
shape made of triangles. Interestingly, nearly three-fourths of the fourth-
grade students could combine the two triangles (two pieces labeled Q) to
draw a square and the line showing where the two pieces met. This is in con-
trast to the 40 percent of fourth graders able to draw a square when given two
vertices (see Example 2). As indicated, eighth-grade students had two options
in subdividing the figure given in Example 6. Sixty-four percent were success-

ful in drawing at least one of the solutions.

953
ERIC
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Example 5: Combine Triangles to Draw a Square

You will need the 2 pieces labeled Q. Please find those 2 pieces now.

SNOL= Tmp»~2Z

Use the 2 pieces labeled Q to make a square. Trace the square and
draw the line to show where the 2 pieces meet.

Q

Example 5 Grade 4 Q
United States ........... 73

Example 6: Subdivide Shape Made of Triangles

For this question you will need some of the pieces labeled N, P, and
Q

Use 4 of the 6 pieces labeled N, P, and Q to make the shape shown
below. Draw the lines to show where the pieces meet and label the
pieces.

SNOV= "umpP»7

Example 6 Grade 8
United States ... 64

% correct

Two Possible Solutions
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m Examples 7 and 8 involve visual-

Example 7: izing subdivisions of two-dimensional
Identify Rectangle Not Divided in Equal Parts figures. Fourth-grade students around
Which rectangle is NOT divided into 4 equal parts? the world found Example 7 from

TIMSS to be relatively easy. The best

performance was by students in Korea

A. B.

where 90 percent of the students

answered correctly followed by
Singapore (85%) and the United
C
@ // States (83%). Across the 26 countries
participating in TIMSS at the fourth

grade, the international average of

correct responscs was 73 percent.

Example 7 Grade 4 Similarly, the majority of eighth
graders in a number of countries

85 were able to determine that the
Korea . . 90 trapezoid could be divided into five

International Avg. ...... 73 triangles. The highest performing

% comect  COUNLIY ON this item was Japan, where

84 percent of the students selected
TIMSS 1995 the correct answer. Across the 41

countries participating in the eighth-

Example 8: Triangles in Trapezoid .
grade TIMSS mathematics assess-

ment, the international average of

i correct responses was 53 percent.
9 9 Eighth graders in the United States

were below the international average

-
9 4 and far from the mark of Japan with

How many triangles of the shape and size of the shaded

triangle can the trapezoid above be divided into?

only 44 percent identifying the

correct response.

A. Three Example 8  Grade 8
B. Four United States ........... 44
@Five Japan...... 84
International Avg. ... 53

D. Six % correct
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The NAEP framework includes students’ ability to describe the intersec-
tion of two-dimensional figures as well as the planar cross-section of a solid.
Under this area, students might be asked to solve problems using the intersec-
tion of geometric figures or explain what different shapes could be produced
by different placements of a plane within a solid. For example, cross-sections
of a cylinder might produce a circle, a rectangle, or an ellipse. Examples 9
and 10, both from NAEP, provide more complex situations in which students
needed to visualize subdivisions of three-dimensional figures. Example 9 was
relatively difficult for fourth graders. Just one-third demonstrated an under-

standing that the large cube contained eight small cubes.

Example 9:
Number of Small Cubes Within a Large Cube

In this figure, how many small cubes were put together to
form the large cube?

Example 9

United States

A 7
8

Grade 4
C. 12

............ 33
% correct D. 24

36
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Example 10 Grade 12

United States
All parts correct ........ 4?2

NAEP 1992
Example 10:

Shapes Produced by a Single Cut of a Rectangular Solid

Part@). ................. 90
Part (D). ... 68
Part (C). ............... 74
Part (d). ............... 56 ) .
The piece of fudge shown above is in the shape of a rectangular
% correct

solid. If a knife makes one straight cut through the fudge, which of
the following can be the piece cut off?

Fill in one oval to indicate YES or NO for each shape.

6z

©

Example 11 Grade 8
United States .......... 49 (d) g
% correct

Example 11: Find Area of Rectangle from Area of Triangle

)
® & © Os
®

®

If the area of the shaded triangle shown below is 4 square inches, what is the area of the entire square?

A. 4 square inches

@ 8 square inches

C. 12 square inches

D. 16 square inches

E. Not enough information given

o7
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Example 10 asked students to visualize a three-dimensional rectangular
solid cast in a real-world context as a piece of fudge. Although this item was
given only to twelfth-grade students in 1992, it is in alignment with the NAEP
1996 Mathematics Framework for eighth-grade students. Part A was the easi-
est. Ninety percent of twelfth graders recognized that a rectangular solid
could be sliced from a larger rectangular solid. In contrast, only about one-
half to two-thirds recognized you could slice off different shaped triangles by
making diagonal cuts in the fudge.

Approximately three-fourths of the students appeared to understand that
Part C would require both a horizontal and vertical cut (Parts B and D).

Example 11 represents an example of a problem assessing whether or
not students understand that the area of any triangle inscribed in a square,
rectangle, or parallelogram is equal to one-half of the area of the square, rec-
tangle, or parallelogram. For example, as shown below, the top vertex of the
triangle does not have to be at the midpoint of the top side of the square

(rectangle or parallelogram).

Students also could have solved the problem by using the formula for
computing the area of a triangle (A = 1/2 bh). Application of this under-
standing also can be assessed by asking students to determine the area of a

rectangle within a parallelogram (or of a parallelogram within a rectangle).
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Example 12 involves using information about the intersection of a trian-
gle and a rectangle as one of several steps in computing the area of a trape-
zoid. That is, BE is 60/15 = 4, which provides the height of triangle ABE.
Students also needed to recognize that the area of ABE is one-half that of the
rectangle whose area is 10 x 4 (or 40/2 = 20). Adding 20 for the area of the
triangle to 60 (given area of rectangle) provides the correct answer of 80.
This problem involves basic arithmetic and basic geometric understanding.
Yet, in NAEP’s 1992 assessment only 10 percent of the eighth-grade students

solved this problem correctly.

N
é Example 12: Area of Trapezoid
P B C
1
9
9
2
A E D

The area of rectangle BCDE shown above is 60
square inches, If the length of AEis 10 inches and
the length of ED is 15 inches, what is the area of
trapezoid ABCD, in square inches?

8 O Example 12 Grade 8
Answer: United States ........................ 10
% correct

How would the students in your classroom, school, district, or

state perform on items requiring them to combine and subdivide

geometric shapes?
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AREA THREE: GEOMETRY AND SPATIAL SENSE

IDENTIFY RELATIONSHIPS BETWEEN FIGURES IN TERMS OF SYMMETRY; MOTIONS
AND TRANSFORMATIONS; CONGRUENCE AND SIMILARITY; RATIOS AND
PROPORTIONS

This is a very large area, encompassing NAEP’s Subtopic 3, which

includes motion geometry (symmetry, flips, turns, and slides), transforma-

tions, and congruence and similarity, all of which are emphasized in both the
NAEP and TIMSS frameworks.

There are many student activities that could be included in this area. For

example, students could be asked to:

ERIC

Draw or identify the lines dividing a figure into two congruent parts.
Cut or draw figures to render them symmetric about a line of folding.

Draw or identify figures that could (or could not) result from a flip,

slide, or turn of a given two- or three-dimensional figure

Draw or identify the figure that would result from a given transformation

of a given shape.

Given a pattern of figures (e.g., each element is a 90-degree rotation of
the previous element) determine the transformation, extend the pattern,

and describe the rule.
Determine which figures in a given set are congruent or similar.

Describe why two given figures are similar (or not) and what is known

about the figures because of the similarity (or lack of it).

Determine the attributes of figures from their congruence or similarity,
such as the measure of an unknown side of a figure, given that the figure

is congruent (or similar) to a figure with known measures.

(D)

. £0

SRR A, T Provided by ERIC

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA 19
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Examples 13 and 14 from TIMSS assess students’ basic understanding of
lines of symmetry at grades 4 and 8, respectively. On Example 13, fourth
graders were asked to identify which figure did not show a line of symmetry.
Fourth-grade students in the United States (74% correct responses) per-
formed above the international average (64%) across the 26 participating

countries. Yet, their performance was somewhat below that of top-performing
Singapore (93%).

TIMSS 1995

Example 13:
Which Does Not Show a Line of Symmetry

Which of these does NOT show a line of symmetry?

A. B.

~CO

Example 13 Grade 4

© D. United States ... 74
Singapore .................. 93

international Avg. ... o4

% correct

61
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Example 14 Grade 8

United States
Scotland .................... 86
International Avg

% correct

TIMSS 1995

Example 14:
All the Lines of Symmetry for a Rectangle

Which shows all of the lines of symmetry for a rectangle?

4+
joc)

On Example 14, eighth graders were asked to identify all of the lines of
symmetry for a rectangle. The results paralleled those at fourth grade. Eighth
graders in the United States performed above the international average, but
not quite as well as those in some countries. Scotland had the highest achieve-
ment (86%), but 80 percent or more of the eighth graders in a number of
other countries answered this question correctly (Belgium-French, England,
France, Hungary, New Zealand, Singapore, and Thailand).

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA
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Example 15: Visualizing Unfolded Paper

NOO~ mp»2Z

fold

A sheet of paper is folded once and a piece is cut out as shown
above. Which of the following looks like the unfolded paper?

Example 15 Grade 4

United States ............ 65
% correct

Grade 8

United States ............ 87
% correct

Examples 15 and 16 also assess understanding of symmetry, which is
implicit in these examples involving visualization of geometric shapes.
Example 15 is a multiple-choice question from the 1992 NAEP assessment
that nearly 66 percent of the fourth-grade students and 87 percent of eighth-
grade students answered correctly. In the TIMSS performance assessment,
students were asked to actually perform folding and cutting tasks. In one such
task, students were asked to fold sheets of paper so that a single cut would
make the diamond shape, then to actually make the cut (see example 16).
Students could try the task up to a total of three times.

63
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Example 16 Grade 4

United States ............ 29
Slovenia...................... 51
International Avg. ...... 33
% correct
Grade 8
United States ............ 71
Romania .................... 88
Slovenia..................... 83
International Avg. ...... 72
% correct

Example 16: Visualizing Folded Paper

Look at the shape below. Fold a sheet of paper as many times as nec-
essary and make ONE STRAIGHT CUT so that when the paper is
unfolded it has the same SHAPE as the shape below. The SIZE of
your paper and cutouts do not have to be the same as those shown
here. If you are unsuccessful, you may try again with another sheet of
paper. You may try this task a total of THREE times.

&

cut result

ree

% «——-Em— -*”; ;is :i‘i v

-ﬂ*

- ——

Modified from a series of 3 folding and cutting tasks.

Less than one-third of the fourth-grade students in the United
States and 71 percent of the eighth-grade students were successful in
making the cut that produced the diamond shape. This achievement
was slightly less than the international average at grade 4 (based on 9
countries) and similar to the international average at grade 8 (based on
19 countries). The Slovenian students had the best performance on
this task at grade 4 (51%) and among one of the best performances at
grade 8 (83%). Eighty-eight percent of the Romanian eighth-grade stu-
dents made a diamond shape with a single straight cut.

64
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VOWw= N =

TIMSS 1995

Example 17: Visualizing Half-turn Rotation

A half-turn about point T'in the plane is applied to the shaded fig-

ure.

Which of these shows the result of the half-turn?

-

Example 17 Grade 8

United States ............ 4?2
Hong Kong ................ 73
Netherlands .............. 70
International Avg. ...... 53

% correct

Example 18: Visualizing Three-dimensional Rotation

This figure will be turned to a different position.

Which of these could be the figure after it is turned?

@ B. C. D.

Example 18 Grade 8

United States ............ 62
Czech Republic......... 87
International Avg. ...... 68

% correct
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ERIC

IR A, 7o provided by ERIC

Examples 17 and 18 are TIMSS rotation problems, asking students to
identify how figures will look turned. In Example 17, students were asked to
visualize the result of a half-turn of a two-dimensional figure. On average,
about one-half the students internationally answered this question correctly.
Hong Kong had the best performance with 73 percent correct, although the
Netherlands also did very well with 70 percent correct. In comparison, 42 per-
cent of the eighth graders in the United States answered this question cor-
rectly. Interestingly, achievement both internationally and in the United
States was somewhat higher on Example 18, even though it was a three-
dimensional rotation problem. Sixty-two percent of the eighth graders in the
United States answered this question correctly compared to 66 percent inter-

nationally, on average, and 87 percent in the Czech Republic.
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TIMSS AS A STARTING POINT TO EXAMINE MATHEMATICS ASSESSMENTS

Example 19:
Unknown Angle in Congruent
Transformed Triangle

These triangles are congruent. The measures
of some of the sides and angles of the trian-
gles are shown.

[N
D
AN
0
A 5 cm

What is the value of x?

A. b2
55
C. 65
D. 73
E. 75
Example 19 Grade 8
United States ... 17
Singapore.................... 69
Japan............ 69
International Avg. ....... 36
% correct

Example 19 asked students to deter-
mine the unknown angle in a transformed
congruent triangle. Thus, students needed
to understand the concept of congruence,
be able to visualize the flipped and rotated
figure, know the properties of angles in tri-
angles (sum of angles is 180°), and perform
the correct computation. Perhaps an open-
ended format would have been a better
approach to determine whether students
could apply the 180 degrees fact. In the
multiple-choice format, it also is possible
for students to realize that the triangles are
close to being isosceles, hence 55 degrees is
the only viable alternative. Still, this task was
difficult for eighth graders internationally,
with an average percent correct of 36 per-
cent. Students in the United States had par-
ticular difficulty—only 17 percent correct.
An overwhelming majority of the eighth-
grade students in the U.S. (61%) selected
option A, revealing that they failed to
notice that the figure was flipped as well as
rotated. In comparison to the generally low
levels of performance internationally, stu-
dents in four participating Asian countries
had relatively high achievement on this
item. Eighth graders in Singapore and
Japan had the best performance (69%) and
those in Korea (66%) and Hong Kong
(61%) also did well.

How well do the students in your classroom, school,

district, or state understand motion geometry,

transformations, and congruence and similarity?

67

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA



ATTAINING EXCELLENCE: TIMSS AS A STARTING POINT TO EXAMINE MATHEMATICS ASSESSMENTS

AREA FOUR: GEOMETRY AND SPATIAL SENSE
AppLY GEOMETRIC PROPERTIES AND RELATIONSHIPS IN SOLVING PROBLEMS

This area corresponds directly to NAEP and TIMSS expectations for
problem solving, reasoning, and communicating. The emphasis is primarily
on using mathematics to solve everyday problems and on demonstrating the
types of practical reasoning skills expected by business and industry. To give
students practice in problem solving using the properties of geometric figures
and help them understand the relationships between figures, they can be
asked to perform the following tasks:

B Apply properties of triangles, squares, and rectangles to solve

problems.
Example 20  Grade 4
United States ... 26 W Apply properties of angles to solve problems (e.g., supplemen-
% correct tary, complementary, bisectors).
N B Apply properties of circles to solve prob-
Example 20: é lems.
Perimeter of Triangle P ) ,
Related to Sides of Square 1 B Solve problems involving the use of the
3 Pythagorean theorem.
6

7
4/\ B Solve problems involving similarity,
using ratios and proportions.
9

If both the square and the triangle above have
the same perimeter, what is the length of each
side of the square?

Example 20 from NAEP’s 1996 assessment
A4 involves an understanding of perimeter and the
: properties of the sides of a square. Essentially,
> fourth graders needed to find the perimeter of
C. 6 the triangle and divide by 4. However, they
found this item very difficult(26% correct
D. 7 responses).
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For Example 21, an open-ended format (or having options closer to the
correct answer) would have been a better assessment approach. As the item
stands, students can use simple reasoning to determine that the area of the
square is 36, and that the area of the circle must be smaller than that, but not
too much smaller. Thus, only options A and B can even be possible responses.
Nevertheless, only 29 percent of the eighth graders in NAEP's 1992 assess-
ment correctly identified the difference between the area of the circle and
that of the square. It should be noted that students were provided with a sci-

entific calculator containing the value of pi.

NAEP 1992

Example 21:
Areas of Square and Circle

D)
In the figure above, a circle with center O and

radius of length 3 is inscribed in a square.
What is the area of the shaded region?

A. 3.86
‘ 7.73
C. 2827
D. 32.86 Example 21  Grade 8
E. 36.00 United States ............ 29
(Students had access to a calculator.) % correct
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Example 22 is a multifaceted TIMSS problem involving the concept of
similarity, properties of triangles, and proportional reasoning. It also involves
the ability to compute accurately with fractions and decimals as students are
asked to find the length of the side AC, given that the triangles are similar
(e.g. 3/8 x 12 or 8/12 = 3/)()' U.S. eighth graders (28% correct) performed below
the international average (38%) and well below their counterparts in Japan

(71%).

TIMSS 1995

Example 22: Length of Side of Similar Triangle
Triangles ABC and DEF are similar triangles.
B
3
° 35°
A 25 C E
8
D 25° 35"\ F
12
What is the length of side AC?
A 2
B. 4 Example 22  Grade 8
© 45 United States ............ 28
D. 55 Japan........oo 71
E. 32 International Avg. ......38
% correct

U
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The NCTM analysts of NAEP’s 1992 geometry results observed that even
though the Pythagorean theorem is probably the most universally addressed
theorem in geometry, there is evidence that many students cannot apply it
and probably do not understand it well. * Example 23, which involves actually
applying the Pythagorean theorem to obtain the area of the parallelogram,
was administered to twelfth-grade students as part of NAEP’s 1992 assessment.
Considering that this test question fits the 1996 NAEP Framework for grade 8,
which covers using the Pythagorean theorem to solve problems, it is perhaps

surprising that only 8 percent of the twelfth graders provided a correct answer.

NAEP 1992

Example 23: Use Pythagorean Theorem to Find
Area of Parallelogram

13

|—7—|

To the nearest whole number, what is the area of the
parallelogram above?

' g g Example 23 Grade 12
United States ............ 8

Answer:

(Students had access to a calculator.)
% correct
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To give students more experience in recognizing situations involving the Pythagorean theorem,

they might be given questions such as that shown in Example 24. Even though this item was not
actually included in either NAEP or TIMSS assessments, it addresses the frameworks and is the type

of item that eighth-grade students might encounter in the future.

A.

B

C

D.
®

Example 24:
Pythagorean Theorem in Problem-solving Context

For a workout Anna bikes along a course in the shape of the
right triangle shown above. If the distance from A to Bis 5

kilometers and from B to C is 13 kilometers, what is the total
distance, in kilometers, that Anna bikes during her workout?

18
20
25
26
30

Can the students in your class-

room, school, district, or state

apply properties of geometric

C figures to solve problems?

Sample item for Hllustrative
~ 0 Purposes (no results available)
L =
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AREA FIVE: GEOMETRY AND SPATIAL SENSE
REPRESENT GEOMETRIC FIGURES AND PROPERTIES ALGEBRAICALLY USING
COORDINATES AND PROPERTIES OF LINES

Some NAEP and TIMSS geometry items were presented analytically. In
comparison to synthetic contexts, where students reason about figures in the
absence of information about their locations, analytic contexts give students
coordinates that place figures at particular locations in two or three dimen-
sions. To solve analytic problems, students use approaches such as slopes and
distances between points that draw heavily on the interplay between geometry
and algebra. To gain practice in this area, students might be asked to:

M Reason about the distance between points on a line to determine the

relation among the points.

B Use the Pythagorean theorem to determine the hypotenuse of a right tri-

angle on a coordinate plane.

B Represent and interpret geometric figures and properties algebraically

using coordinates in a plane.
B Describe the slope of a line in terms of ratio or proportional thinking.

M Develop equations of lines from graphs.

Example 25 was given to fourth graders as part of TIMSS. Identifying the
object located at coordinate (2,D) was relatively easy for students in most
countries. Fourth graders in the United States and the Netherlands had the
best performance, with nearly all students answering correctly. A correspon-
ding eighth-grade item that required knowing which axis to read first, as well
as some interpolation, was more difficult for students in all except the Asian
countries (see Example 26). For example, compared to 91 percent of the
eighth graders in Singapore, 73 percent in the Netherlands and 58 percent in
the United States correctly identified the coordinates of point P.

o 7 3
ERIC

e -
62 AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA
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Example 25: Grid on Game Board

This is a game board.

E

D )-;- 03—

C

B

A __é_
|

1 2 3 4 5
Which object is located at (2,D)? '

@ The plane

G

B. The truck
Example 25 Grade 4
C. The bus T United States ........... 97
Netherlands .............. 97
D. The boat é International Avg. ...... 88
% correct

Can the students in your classroom, school, district, or state represent geometric figures using

coordinates and properties of lines?
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T . .
I Example 26: Coordinates of Point P
M
g Which of the following are most likely to be the coordinates of
point P?
1
9 y
9
> 20
@), 12)
B. (8, 8) P,
10
C. (12, 8)
0 x
D. (12, 12) 10 20

When given its coordinates and asked about another point on a line
(Example 27), students showed great variation from country to country. On
average across countries, 41 percent of the eighth graders provided correct
responses, and the United States performed at the average. The Netherlands

was the top-performing country on this item (66%), followed by Singapore
(59%).

TIMSS 1995

Example 27: Identify Another Point on a Line

A straight line on a graph passes through the points (3,2) and
(4,4). Which of these points also lies on the line?

A (1,1)
B. (2,4)
© 6.6
D. (6,3)

E. (6,5)

73

Example 26 Grade 8

United States ............ 58
Singapore .................. 91
Netherlands ............. 73
International Avg. ...... 55
% correct

Example 27 Grade 8

United States ........... a1
Netherlands ............. 66
Singapore ... 59
International Avg. ...... 41
% correct
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NAEP 1992

Example 28: Find the Slope of a Line

What is the slope of the line shown in the
graph above?

A.%
® 2
C 1
D.%
E. 3

Examples 28 and 29 illustrate some ques-
tions in this geometry area that would be chal-
lenging for many eighth graders, but they assess
topics covered in the NAEP and TIMSS frame-
works. Example 28, about the slope of a line,
was administered to twelfth graders as part of
the 1992 NAEP assessment. That only 41 per-
cent answered correctly suggests that students
had some difficulty with analytic geometry
items. Another 14 percent of the twelfth
graders did select the reciprocal of the correct
response, suggesting that these students may

have found the horizontal and vertical change.

Example 28 Grade 12

Even though

NAEP and TIMSS

items involving the

United States ... 41

% correct . g
equation of a line

Example 29:
Identify an Equation of a Line from its
Graph in a Coordinate Plane

y

(0,2)

0 go ¥

Which of the following is an equation of
line m shown in the xy-plane above?

were not available
for presentation here, these types of questions
are included in the analytic areas of the frame-
works. Example 29 is a sample of a question
that relates the equation of a line to its x- and y-
intercepts—that is, (3,0) and (0,2). The y-coor-
dinate of the x-intercept is 0. Determining the
x- and y-coordinates of a line is a useful way of
quickly locating points on a line. Students
might also be given an equation of a line and
asked to select the corresponding graph from
among several choices (see AREA FOUR under
Algebra and Functions).

Sample Item for
 lllustrative Purposes
(no results available)
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AREA SIX: GEOMETRY AND SPATIAL SENSE
SOLVE REAL-WORLD PROBLEMS USING GEOMETRIC MODELS AND EXPLAIN
RELATIONSHIPS INVOLVING GEOMETRIC CONCEPTS

This area encompasses Subtopics 7 and 8 from the 1996 NAEP Frame-
work as well as various aspects of the TIMSS performance expectations. Since
the problem situations in this area require students to develop geometric
models and often to explain the relationships shown by the models, the tasks
generally require extended responses. Although evaluating student responses
can be approached in several ways, one strategy is to identify levels of success

(as shown for Example 30).

Within this topic area, students can be asked to:

B  Use geometric models and/or diagrams to represent a situation (such as

fencing a yard or dividing an area).

B Use geometric models and/or diagrams in solving problems involving
probability.

B Extend a geometric pattern, describe its rule, and justify why the rule works.

An important aspect of mathematical power as presented in the NAEP
framework is the need for students to use logic, models, and diagrams to make
sense of a situation and to communicate their reasoning. However, the following
examples from NAEP and TIMSS suggest that many students have yet to recog-
nize that models and diagrams can be effective analytical and communication

tools.

Example 30, asking eighth-grade students to diagram a problem situation
involving the broadcast areas of two radio stations is from NAEP’s 1992 assess-
ment. Students needed to assimilate and translate written information in order
to draw a diagram that graphically depicts the location of the radio stations and
Highway 7 accurately in terms of given boundary conditions. A graphical
approach to this task should enable students to determine the length of the
overlapping portion of Highway 6, along which both radio stations can be
received. Any satisfactory response must clearly illustrate an overlapping region,
whereas, in addition, any extended response must clearly identify the overlap

and correctly determine its length to be 75 miles.
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N
Example 30: Radio Stations oy K
Na'z/

== P

This question requires you to show your work and explain your reasoning. You may use drawings, 1
words, and numbers in your explanation. Your answer should be clear enough so that another person 9
could read it and understand your thinking. It is important that you show all your work. )
2

Radio station KMAT in Math City is 200 miles from radio station KGEO in Geometry City. Highway
7, a straight road, connects the two cities.

KMAT broadcasts can be received up to 150 miles in all directions from the station and KGEO
broadcasts can be received up to 125 miles in all directions. Radio waves travel from each radio sta-
tion through the air, as represented below.

On the next page, draw a diagram that shows the following.

¢ Highway 7
¢ The location of the two radio stations
¢ The part of Highway 7 where both radio stations can be received

Be sure to label the distances along the highway and the length in miles of the part of the highway
where both stations can be received.

Example 30 . Example 30 Grade 8
One Possible Solution ,
United States
NO Response.............. 15
200 miles Incorrect ................... 45
/ A \ Minimal ... 22
150 - 125 miles Partial ...................... 13
milesw 1t - ’7B\miles ( Satisfactory ................. 4
"= £ —1— Extended.................. 1
KMAT - KGEO .
(Math City) Qr - / (Geometry City) % of students in response category
Highway 7
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ERIC

W

Students’ responses were evaluated according to the degree of accuracy
of their diagrams. Even though a variety of diagrams or explanations could be
used to help explain the intersection of the broadcast areas of the two radio
stations and no particular approach was preferred, only 5 percent of the
eighth graders developed a labeled model that represented the problem.
Eighth graders with incorrect responses provided no evidence that they were
able to make sense of the problem, often copying a piece of information
from the problem or submitting meaningless drawings (or both). Forty-five
percent of the eighth graders nationally provided such responses and another
15 percent did not answer the question at all. Although this meant that the
majority appeared to be essentially at a loss as to the nature of this task, about
one-third did seem to have some understanding of the information presented
in relation to the task required. Approximately 22 percent received minimal
credit and another 13 percent received partial credit, the difficulty with these
responses being an incomplete approach. These sketchy solutions appeared
in spite of directions explicitly telling students what to diagram and to be sure
to label the distances and the part of the highway where both stations can be
received. The following pages present examples for each response category.
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Example 30 (=
Incorrect Response s zd
p e

The work is completely incorrect, irrelevant, or the response states,
“I don’t know.”

N
A
E
P
1

9
9
2

N - % x ol
u\s\\\.)u"l ) ‘0\_# 0“’ zth pars ?‘W

o

This INCORRECT
response does not relate
the information given in
the problem in a manner
that conveys either a
meaningful problem-soly-
ing approach or an ade-
quate solution.

45% of U.S. students

provided an Incorrect
response
- N
Example 30 2 A
.« . (1l \’l E
Minimal Response iz b
Diagram with only cities, Highway 7, and 200 miles labeled; or a diagram 1
that shows some, but not all, of the given distances; 125, 150, or 200 miles. 9
Minimal responses do not recognize that the common broadcast area is a 9
length along the highway. 2
This MINIMAL response

information (radio stations

miles apart and station
KGEO can broadcast 125
miles) and shows rudimen-
tary understanding. It does

cast area as a length along
the highway.

22% of U.S. students pro-
vided a Minimal response

O

ERIC

v
Full Tt Provided by ERIC.

30

correctly depicts two pieces of

KMAT and KGEO are 200

not show the common broad-
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T

This PARTIAL response
indicates considerable
understanding of the task
relative to the given infor-
mation. The diagram shows
the radio stations to be 200
miles apart and that KMAT
can broadcast 150 miles.
Additionally, the diagram
shows a part of the highway
(from A to B) along which
both radio stations can be
heard. However, the response
does not show the broadcast
range of station KGEO and
does not indicate the length
of the common broadcast
area.

13% of U.S. students pro-
vided a Partial response

This SATISFACTORY
diagram shows a good
understanding of the
problem. Although the
student correctly labeled
the common area along
Highway 7 where the two
stations could be heard,
the length in miles of this
region was not indicated.

4% of U.S. students pro-
vided a Satisfactory
response

O

ERIC

NOO= =ump>Z

NAEP 1992

Example 30 22
Partial Response NN
Diagram with cities, Highway 7, and 200 miles labeled and identification of

common broadcast area a length along (or not on) the highway. Two or
more of the radio wave distances 250, 125, and 75 are insufficiently labeled.

They can both he heard
befurcen A § B

Example 30 R
N (\I DN
Satisfactory Response N

Diagram with only cities, Highway 7, 200 miles and all radio wave distances
labeled and identification of common broadcast area on Highway 7 as a
length. At the same time, omits or incorrectly computes length of the high-
way along which both radio stations can be received.

Highway 7= 00w

kvcz covered Wy
bOT'\ va L“ SM\\MS
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NAEP 1992

Example 30 70
(e
Extended Response N4

An accurate, well-labeled diagram (as described in the Satisfactory
category) clearly indicating that the portion of Highway 7 along which both
radio stations can be received is 75 miles in length.

This is a solid EXTEND-
ED response. The dia-

H’“(k Wy 7 200 wn hey gram is accurate and well
AT . labeled. Additionally,

| /€0 m ‘L" ro-ditvs below the diagram a state-
ICOEO IZ{ " '\L vads vs ment correctly concludes

P N that the length of the part
° c G“A“ *+ M Ld“’ of Highwa_vg17 alfong P
M&b & on $ con h_‘ which both radio stations
can be heard is 75 miles.

mnuo, ‘]5

1% of U.S. students pro-

vided an Extended

response
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Examples 31 through 33 are three problems that make up a TIMSS per-
formance assessment task. The task involved problem solving in three-dimen-
sional space. Students were supplied with four small plastic balls packed into
a square box, some sheets of light cardboard, and an explanation and illustra-
tion of a net for the box. With these, and a supply of materials such as a com-
pass, ruler, scissors, adhesive tape, and paper clips, students were to find three
other boxes in which the balls could be tightly packed (Example 31), sketch
the boxes, draw a net” for each one (Example 32), and then draw one of the
nets to the actual size needed to hold the four balls (Example 33). The task
was intended to measure the students’ sense of spatial relations as evident in
their ability to visualize different arrangements of objects in boxes, to trans-
late the three-dimensional models first into a two-dimensional sketch, then
into the corresponding net, and finally to scale the net to actual size, working
from concrete materials rather than by applying a formula to measurements.
Students were provided with the directions and introductory information
(shown at right) and then asked to work out the three problems.

Since the emphasis was on using concrete materials and on understand-
ing the relationships between the two-dimensional drawings, the one-dimen-
sional nets, and the three-dimensional models of the boxes, only rough indi-
cations were used for sketching the placement of the balls in the boxes. As in
the presentation of the item, the sketches of the balls in the students’
responses were not required to be accurately rendered in two-dimensional

perspective.

* A net is defined here as the two-dimensional pattern that when folded up would yield the
three-dimensional object.

o 83
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O

ERIC

AruiToxt provided by ERIC
S

Examples 31, 32, 33 @
PACKAGING

At this station you should have:

4 plastic balls packed in a square shaped box Two pieces of thick card to help measure the balls
Blu-tac to stop the balls from rolling around Scissors

Some thin card to make a package for the balls Sellotape

A compass Paperclips

A 30 cm ruler

Your task:

Design different boxes which will just hold 4 plastic balls.

Read this before answering the questions:

The following shows what is meant by the net of a box.

This box has a bottom and 4 sides.

The sides can be cut out separately:

L+ 1 L[z ]
L3 1 [

Or the sides can be cut out in one piece and then folded along the dotted lines like this:

Bottom

This is a net of a box.

This is the shape of a net of a box like the one that holds the 4 balls. It is not drawn to size but if
it were, you could fold up the sides and make the box.

You have been given the box with the four balls just fitting in like this.

Other boxes with different shapes could be made so that the 4 balls would just fit in.

§4

Voe= vng—-—
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Example 31  Grade 8 Example 31: Draw Three Boxes
United States ............ 30
Singapore .................. 82 Use the balls to find three other boxes in which the four

balls will just fit. Make a drawing of each box with the four

international Avg. ...... 43 balls in it.

% of students providing fully-correct response

VOO = LN ——

Students received full credit for drawings in which each box describes or
shows all four balls in “tightly packed” arrangements and at least two of the
arrangements were unique. Although there are a number of ways this could
have been accomplished, some examples are: a box in which the four balls
are arranged in a line in a rectangular shaped box; a box in which the four
balls are arranged in an L-shape (three balls in a row and one ball on top of
another); a box in which the two rows of two balls are stacked vertically (a
square box).

Students receiving partial credit on this question provided only one or
two possibilities for boxes that would hold four balls.

Example 31 Possible Response

o gl

Eighth-grade performance on Example 31, the task of drawing three
boxes in which the four balls would “just fit,” varied across the TIMSS coun-
tries. In Singapore, 82 percent of students correctly drew three boxes, thus
earning full credit. In contrast, only 30 percent of students in the United
States correctly drew three boxes; the remaining students drew one or two
boxes correctly (22%), or were unable to visualize different shapes that would

hold objects and represent them in a drawing (48%).
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Example 32: Draw Nets Example 32 Grade 8
Now make a drawing of the net for each box. LSJn!Eed IStageS ............ 21 Zl
witzerianda ................

International Avg. ......22
% of students providing fully-correct response

VIO = LN ——

In drawing the net of each box the student presented in the previous
item (Example 31), the student needed to draw nets consistent with at least
two of the ball arrangements, clearly showing the correct shape of the base
and side flaps required to constrain the balls in a “tightly packed” arrange-

ment and correct proportions of the base and side flaps.
Students received partial credit if they drew the net correctly for only

one box.
Example 32 Possible Response

0

0 ] S

v
— N I 3

- | £ {”Io P

z 12 S

< L 5

G

—~7

Example 32 was relatively difficult for students in many of the TIMSS
countries, indicating that students are not quite adept at representing the
nets of three-dimensional models. Eighth-grade students in Switzerland pro-
vided the largest percentage of fully correct responses (44%). Just 17 percent
of students in the United States correctly drew the nets of at least two boxes,

falling just below the international average of 22 percent.
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Example 33  Grade 8

United States .............. 4
Romania .................... 51

International Avg. ......30
% of students providing fullycorrect respons

Example 33: Construct Net to Scale

Choose ONE of the boxes you have drawn. Take a piece of plain
card. On this card draw the net of the design you have chosen.

e Draw it to the correct size so that if you made the box it would just

Can the students in
your classroom, school,
district, or state use

geometric models and

diagrams to represent

situations?

ERIC

PAFullToxt Provided by ERIC

hold four balls. Attach the net to this page with a paper clip.

VOO = NN ==

Example 33, students needed to draw the net (actual size) for one of the
nets drawn in Example 32. The drawing had to be consistent with the net
drawn previously and have dimensions within 4mm of the actual size required
to hold the balls.

Students received partial credit if they drew the net of the box, but the
dimensions were not consistent with actual sizes or one aspect of the drawing

was incorrect (e.g., one or more flaps was missing).

Example 33 Possible Answer
]

npy

shown at 20% of actual size

Just 4 percent of students in the United States were able to translate one
of the nets they drew in Example 33 into a net of dimensions that would
actually hold the four balls (scaling the net to actual size). While 51 percent
of students in Romania were able to, as were 30 percent of students interna-
tionally, the poor performance of U.S. eighth graders suggests that more

work is needed in using concrete materials to create geometric shapes.
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AruiToxt provided by ERIC
S

SAMPLE TEST ITEMS:
ALGEBRA AND FUNCTIONS

AREA ONE: ALGEBRA AND FUNCTIONS
ReCOGNIZE AND EXTEND PATTERNS AND RELATIONSHIPS

The NCTM Standards emphasize the importance of recognizing, describing,
extending, and creating patterns because such experiences introduce the idea of
relationships between variables. Students can progress from understanding a
pattern as a predictable change in a single variable to learning how changes in
one variable can relate to changes in a second variable. The ability to generalize
about relationships between variables prepares students to work more formally
with tabular, symbolic, and graphical representations of such relationships.

Beginning in the early grades, students can be asked to work with simple
non-numeric patterns. As they progress in their mathematical understanding,
the contexts for working with patterns can be more complex, involving tables,
equations, and graphical representations. This section illustrates some assess-
ment tasks in which students were asked to do the following:

B Recognize repeating non-numeric and numeric patterns by supplying the

“next” element.
B Supply the missing elements in a pattern.

B Complete the next sequence in a pattern or provide elements other than
one(s) that came after those given.

B Complete tables and sequences of terms based on a constant or noncon-

stant rate of increase.

B Explain their reason about whether or not a given number could be in a

pattern.
B Translate patterns from one context to another.

M Create an example of a pattern.

O
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B Extend or interpolate with a pattern, given a verbal description of the pattern.

B Determine the specified element in a pattern (e.g., 10th element) and describe
how to find it.

B Identify the relationship between two patterns or sequences.

B Determine a specified element in a second pattern based on the relationship
between two variables.

B Represent a pattern or relationship between two variables in different ways,
including a verbal statement, tabular form, graphical form, or symbolic form.

B Understand and apply the concept of variable.

Example 1 is a TIMSS item based on a non-numeric pattern that relates in
some respects to geometry visualization skills. It was relatively easy for fourth-grade
students, with 63 percent of the students identifying the correct response, on aver-
age, across the 26 participating countries at that grade. In comparison, the item was
answered correctly by 59 percent of the fourth graders in the United States and 87

percent of those in Korea.

TIMSS 1995

Example 1: Extend a Pattern

Example 1 Grade 4

Here is the beginning of a pattern of tiles. United States............. 59
Korea..............cc.o....... 87

EE]:] International Avg ....... 63

% correct

Figure 1 Figure 2 Figure 3
If the pattern continues, how many tiles will be in Figure 6 ?
A 12

B. 15

odJ
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Example 2, also a TIMSS fourth-grade item, was slightly more difficult
for students internationally (57% correct, on average). It required students to
explain verbally (subtract 4) or arithmetically (34-4) how to obtain the next
number in the given sequence. The U.S. fourth graders (61% correct) per-
formed above the international average on this item but below the achieve-
ment of the Dutch students (79% correct).

It should be noted that from a “purist” view, you cannot give a “missing”
term without a rule for the nth term. However, the approach to pattern
recognition assessed by Examples 1 and 2 is found in many textbooks. Both
examples have wording that the pattern continues or that the numbers are
part of a pattern.

TIMSS 1995

Example 2: Generalization About a Pattern

Example 2 Grade 4

United States ............ 61
Netherlands .............. 79 These numbers are part of a pattern.
International Avg ...... 57 50 46,42 .38 34, .

% correct

What do you have to do to get the next number?

Answer: Subtvact Y.Low 34 ( 303

20
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Example 3 is an eighth-grade TIMSS item involving the relationship
between two sequences of numbers. Presented in the short-answer format, it
requires students to add a constant, although a different constant, to each of
the two number sequences to determine the next number that will be seen in
both sequences. Eighth graders in the United States performed slightly below
the international average, with 42 percent responding correctly. Their coun-
terparts in Korea had the highest achievement with 67 percent correct
responses.

Problem situations involving patterns and sequences can involve constant
or nonconstant rates of change, the value of which can either be given to stu-
dents or left for them to determine. In their analysis of the 1992 NAEP alge-
bra results, Blume and Heckman observe that patterns based on nonconstant
rates of change can be more difficult for students than patterns based on
constant rates of change.'

Example 3 Grade 8

Example 3:

Relationship Between Sequences: Extend United States ........... 42

Korea....................o.. 67
The numbers in the sequence 2, 7, 12, 17, 22, ... international Avg. ...... 45
increase by fives. The numbers in the sequence 3, 10, % correct

17, 24, 31, ... increase by sevens. The number 17 occurs
in both sequences. If the two sequences are continued,
what is the next number that will be seen in both

sequences?

Answer:

91
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Example 4, also from TIMSS, required eighth-grade students to under-
stand the decreasing rate of the height of the bounce of the rubber ball. This
task proved difficult for students, who seemed not to understand that the ball
was bouncing both up and down with each decrease. The highest achieve-
ment was by eighth graders in Singapore, where 42 percent of the students
responded correctly. Twenty-seven percent of the eighth graders in the
United States selected the correct answer.

Example 4 Grade 8

_ Example 4:
United States .......... 27 Extend Pattern Given Verbal Description
SINGAPOre ..ooovevov ! 4?2
International Avg. ...... 34 A rubber ball rebounds to half the height it drops. If
% correct the ball is dropped from a rooftop 18 m above the

ground, what is the total distance traveled by the time
it hits the ground the third time?

A 315m
B. 405m
© #5m
D. 63 m

Can the students in your classroom, school, district,

or state complete sequences of terms based on con-

stant and nonconstant rates of change?

52
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AREA TWO: ALGEBRA AND FUNCTIONS
Use SYMBOLS TO REPRESENT SITUATIONS ALGEBRAICALLY

Students should know how to use symbols to represent situations alge-

braically, from basic formulas for everyday relationships to more abstract rep-

resentations of situations using algebraic equations and expressions. The

specifications for NAEP’s 1996 assessment state that using open sentences and

equations as representational tools should be included at grades 4, 8, and 12.

Any number of items can be developed that assess translation from ver-

bal statements to symbolic form. However, students also can be asked to use

multiple representations for situations to translate among diagrams, models,

and symbolic expressions. Again, initial concepts in this area can be intro-

duced in the primary grades, as students move from understanding how any

symbol (such as a box) can represent a number to learning simple, and then,

more complex algebraic notation.

ERIC

e il Toxt Provided by ERIC

Items developed in this area can require students to perform the following:

Identify a symbolic situation representing a verbal description of a situa-

tion involving a variable.

Translate a verbal description of a situation involving a variable into a

symbolic expression representing the situation.

Translate a statement about geometric figures into algebraic symbols.
Translate tabular information into an algebraic expression.

Develop an equation using variables to describe the general setting,

given a table of values expressing a relationship between the number of

objects, their individual costs, and the total cost.

3

w
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Example 5: Symbolic Representation

Tanya has read the first 78 pages in a book that is
130 pages long. Which number sentence could
Tanya use to find the number of pages she must

read to finish the book?
A 130 +78 =[]
B. []-78=130
C. 13078 =
® 130-718-01

Example 5 Grade 4
United States ............ 71
Japan............... 88
International Avg. ...... 62
% correct

Example 6 Grade 8
United States ............ 46
Singapore .................. 82
international Avg. ...... 58

% correct

Example 6: Representation and Notation

If m represents a positive number, which of these is

equivalent to m+ m+ m+ m ?

A, m+4
am

C. mt

D. 4(m+ 1)

<O

4

Example 5 is a TIMSS
multiple-choice item given at
grade 4. It demonstrates how the
symbol of a box can be used in
simple number sentences. In
general, fourth graders in most
countries did well on this item.
Seventy-one percent of the
students in the United States
performed well above the
international average; however,
the highest achievement was in
Korea (88% correct).

Example 6 was a TIMSS
eighth-grade item that students in
some countries found more
difficult than might have been
expected. Even though 82 per-
cent of the students in Singapore
answered correctly, the interna-
tional average was 58 percent
correct. Eighth graders in the
United States performed well
below the international average,
with only 46 percent answering
correctly. Nearly 40 percent of the
U.S. eighth graders selected
option C, indicating a basic con-
fusion between the multiplicative
and additive nature of the differ-

ent notations shown.
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Examples 7 (from TIMSS) and 8 (from NAEP) required eighth graders
to identify how a verbal situation could be translated into an algebraic repre-
sentation. It is clear from these examples that their understanding is far from
complete. Just about 50 percent of the U.S. eighth graders selected the cor-
rect linear expression representing Clarissa's hats. This was in comparison to
86 percent of the eighth graders in Singapore. Results were similar on the
NAEP item. In the 1996 assessment, 58 percent of the eighth graders selected
the correct response.

Example 7: Representation of a Verbal Statement

Juan has 5 fewer hats than Maria, and Clarissa has 3 times as
many hats as Juan. If Maria has » hats, which of these represents
the number of hats that Clarissa has?

A 5-3n
B. 3n Example 7 Grade 8
C. n-5 United States ............ 49
D. 3n_5 Singapore .................. 86
LT International Avg. .....47
@ 3(n-5) % correct

Example 8: Representation of a Verbal Statement

A plumber charges customers $48 for each hour worked plus an
additional $9 for travel. If i represents the number of hours
worked, which of the following expressions could be used to cal-
culate the plumber’s total charge in dollars?

AOL= mp>2Z

A 48+9+h
B. 48x9xh

C. 48+ (9xh) Example 8 Grade 8

United States ............ 58
@ (48x h) +9 % correct

D. (48x9)+h

S5
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AREA THREE: ALGEBRA AND FUNCTIONS
EVALUATE AND PERFORM OPERATIONS ON ALGEBRAIC EXPRESSIONS

This area covers simplifying and evaluating numerical and algebraic expres-
sions, order of operations, exponents (such as cubic expressions), and roots.
Essentially, the items in this area tend to be rather straightforward, in the sense
that they measure traditional numerical and algebraic operations. Students can

be asked to perform the following:

B Evaluate simple numeric and algebraic expressions.

B Evaluate expressions involving more complex order of operations (several
decisions).

B Evaluate terms in a sequence.

B Evaluate expressions involving exponents.

B Solve problems involving substitution in expressions and formulas.
B Identify the positive square root of a nonnegative real number.

B Given an expression involving integral values of the variables involved,
identify the expression in simplest form.

Example 9 is a TIMSS short-answer item given to eighth graders, requir-
ing them to evaluate the given expression, which involved division. About 50
percent of the students internationally, on average, provided the correct
answer of three or an equivalent. Alternative forms such as 18/6, 9/3, or @’2 also
were accepted as correct. Fifty-seven percent of eighth graders in the United
States performed above the international average on this item, but well below

top-performing Singapore (80% correct).

Example 9: Evaluate Expression

If x = 2, what is the value of 7x+4 ?

Example 9 Grade 8 5x - 4
United States ............ 57
Singapore ... 80 3
International Avg. ... 53 Answer:

% correct

ERIC g5
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Example 10, also from TIMSS, involved the sub- TIMSS 1995

traction of two terms of an algebraic expression. Since
the fractions had the same denominator, students Example 10: Evaluate Expression
needed only 'to subtr.act the numerz'ltors (i.e., x from Subtract: 2,% %,
2x). A more interesting problem might have been:
2)5:3 - % (answer =%, ). Still, more than 50 percent of AL
the U.S. eighth graders had difficulty with the ques- 9
tion as presented. Even though 42 percent selected
the correct answer, about 22 percent selected option B. 2
B or 2 as the correct answer, indicating they do not
understand how to collect like algebraic terms. C. x

Example 11, which involved operations with an Q 5
algebraic expression using variables, was rather more o
difficult for the TIMSS eighth graders. Students in the E ¥
United States performed slightly below the interna- o
tional average, with 37 percent answering correctly. In
Hong Kong, however, 65 percent of the eighth

8 8 P 8 Example 10 Grade 8
graders selected the correct response. :

United States .......... 42
Hong Kong ................ 82
TIMSS 1995 International Avg. ......51
% correct

Example 11: Order of Operations Involving Variables

Which one of the following is FALSE when q, b, and ¢ are different
real numbers?

A. (a+b)+c=a+(b+c)

B. ab=ba
C. =b
arb=bra Example 11 Grade 8
D. (ab)c = afbe) United States ............ 37
Hong Kong .............. 65
@ a—b=b-a International Avg. ......40
% correct

§7
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Example 12, from NAEP’s 1992 mathematics assessment, involved expo-
nents and division. Even though it was given at grade 12, some understanding
of exponents is well within the range of the 1996 framework for grade 8.
Twelfth-grade students were asked to simplify a quotient given in scientific
notation, and about 50 percent of the students selected the correct answer.
The most popular distracter was option B, selected by 27 percent of the stu-
dents. This could indicate that these students knew to subtract the exponents

but failed to recognize that in this case they needed to subtract 5 from 3.

Example 12 Grade 12

United States ... 48 Example 12: Scientific Notation

% correct 6x10° _
3x10°

A 05x10°

B. 2x10°

C. 2x10"

How would the students in your classroom, school, district, or state

perform on these types of items involving symbolic representation

and scientific notation?
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AREA FOUR: ALGEBRA AND FUNCTIONS
SOLVE LINEAR EQUATIONS AND INEQUALITIES

A substantial portion of the NAEP and TIMSS items dealt with the tradi-
tional algebra topics in this area, including solving and graphing equations
and inequalities as well as solving and graphing systems of equations. Of the
five algebra areas described in this assessment module, this was by far the
largest in the TIMSS assessment. Together with the patterns area, this area
also was well represented in the 1996 NAEP assessment.

The items requiring students to solve equations tended to fall into four
major types: solving simple equations, solving more difficult equations, solv-
ing inequalities, and solving systems of equations. This area also includes
using number lines and the rectangular coordinate system to represent and
analyze relationships and using graphing to solve systems of equations. If one
were discussing only the algebra and functions content area, the relationship
between equations and their graphs would be treated as a separate topic area.
However, since the topic area of graphical representation was introduced in

the geometry section, it is simply expanded upon here under algebra.

Keeping in mind the many possibilities for equations, developing items

in this topic area can require students to:

B Solve a linear equation with a whole number solution (3x - 17 = 28).

B Solve a linear equation with a rational solution (4x + 15 = 38).

B Solve a linear equation that requires two or more steps (15x - 19 = -2x + 8).
B Write the equation describing the situation illustrated.

B Solve an equation having a negative integral solution.

B Identify the integral pair solution of a system of two equations.

B Identify the equation of a line containing a given pair of points.

B Identify the graph of a line from the equation of the line.
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Example 13 from TIMSS illustrates an item requiring students to solve a
simple linear equation. Internationally, students did quite well on this item.
The correct answer was selected by nearly three-fourths of U.S. eighth graders
and nearly all of the students in Singapore. Example 14, written in a short-
answer format, represented a more difficult equation for the TIMSS eighth
graders to solve, perhaps because of the negative sign that appears in the left
side of the equation or the fact that, for many students, the solution process
involves two steps. The U.S. students performed below the level of the inter-
national average, with only 31 percent of U.S. eighth graders providing the
correct solution to this equation. In contrast, 86 percent of the Japanese

eighth graders provided the correct solution.

TIMSS 1995

Example 13: Simple Linear Equation

If 3(x+ 5) = 30, then x=

A 2
Example 13  Grade 8 5
United States ............ 73 c 10
Singapore ... 96 ’
International Avg. ...... 73 D. 95
% correct

TIMSS 1995

Example 14: Two-step Linear Equation

Find xif 10x- 15 = 5x + 20

Example 14 Grade 8

United States ........... 31
Japan o 86
International Avg. ... 46 ?‘
Answer
% correct
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Example 15 represents a reasoning item in the context of an algebraic
equation that was very difficult for the TIMSS eighth-grade students. The
international average was 37 percent correct, and the best performance was
62 percent correct by the Japanese eighth graders. Only about 33 percent of
the U.S. students answered correctly. About 33 percent selected option C as
the correct answer and another 25 percent selected option D, again indicat-

ing little real understanding of algebraic notation by almost 70 percent of
eighth-grade students in the United States.

TIMSS 1995

Example 15: Meaning of Equation

Brad wanted to find three consecutive whole num-
bers that add up to 81. He wrote the equation (n—1)
+ n+ (n+ 1) = 81. What does n stand for?

A. The least of the three whole numbers

ample 1 8
‘ The middle whole number Ex. P 5 Grade
United States ............ 32
C. The greatest of the three whole numbers
Japan......................... 62

D. The difference between the least and greatest of

International Avg. ...... 37
the three whole numbers

% correct
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Example 16 represents an item asking students to solve an inequality. It
is difficult to understand why the TIMSS eighth graders had such difficulty
with this rather routine problem unless students were simply unfamiliar with
how to treat fractions in equations and inequalities. The U.S. students, howev-
er, performed above the international average, with 52 percent selecting the
correct answer. The NAEP framework encompasses even more difficult ine-
quality problems. None was available for inclusion here, but Example 17 was
developed to illustrate this type of item. It involves two unknowns, a minus

sign, and a fraction.

Example 16: Simple Inequality

% < 7 is equivalent to

7
A x< 7,

Example 16 Grade 8

B. x<5

Japan.....oceee, 69 @ x< 14
Singapore .................. 69 D. x>5
International Avg. ...... 44

% correct

E. x>14

Example 17: Complex Inequality

Which of the following is equivalent to
2y-3x>47

A y<%x-2

Sample Item for lllustrative Purposes @ y>3
(no results available)
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Example 18 is a 1996 NAEP item involving an ordered pair solution to a
linear equation. Even though students needed only to try the various options
given to solve the equation, only 42 percent of the eighth graders responded
correctly. Here again, however, the NAEP framework calls for much more
challenging items, such as those requiring solving systems of linear equations
in one and two variables. Example 19, developed especially for this module,

illustrates a solution to a pair of linear equations that consists of an ordered

pair (x, y) where neither x nor y is an integer. Students cannot easily substi-
tute the values given in the answer choices to determine the solution. For
example, if 1 is substituted for x in the first equation, theny = 3. Butx =1

and y = 3 does not satisfy the second equation, since 1 - 2(3) does not equal 7.

NAEP 1996

Example 18: Linear Equation
Ordered Pair Solution

Which of the following ordered pairs
(x,y) is a solution to the equation
2x-3y=67?

A. (6,3)

(3,0)
C. 3,2
D. (2,9)
E. (0, 3)

Example 19: Simultaneous Equations
Non-integer Solution

If 2x + y=5 and x— 2y = 7, then x equals

A=,
B. -1
c. 1
E. %

Example 18 Grade 8
United States ........... 42

% correct

A
Sample item for

llustrative Purposes
(no results available)
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Example 21 provides students with a grid and asks them to sketch the
graph of an equation. In the drawing shown, the y-intercept is (0,-4) and the
x-intercept is (3,0). This is because some students are likely to determine that
x =0, then y = 4 and that if y = 0, then x = 3. However, students also could
determine any other two points, or any one point that satisfies the equation
(i.e., 6, 4) and then plot the slope of the line (4/3). Thus, any sketch of the
line that correctly intersects the x- and y-axes would be considered a correct

solution.

Example 21: Graph an Equation Can the students in your

classroom, school, district, or
In the xy plane shown below, sketch the graph of 4x - 3y = . .
12 state solve linear equations

and inequalities?

1
7
= 4

6-54-3-2-1

L1 1=
T
—_
N
@
o
o
@
L
%,

A
Sample Item for lllustrative
Purposes (no results available)
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Examples 20 and 21 also were developed especially for this module to
illustrate two types of items that assess students’ understanding of the rela-
tionship between algebraic and graphical representations of equations. In
Example 20, students are given an equation and asked to identify a portion of
its graph. This item requires students to recognize from the given equation
that the y-intercept is negative (when x = 0,y =-5) and E is the only graph
where the y-intercept is negative. Also, the slope is positive and, therefore, the

line must rise from left to right.

Example 20: Identify Graph of Equation

Which of the following could be a portion of the
graphof y=2x-57

A. ¢

®

Sample Item for lllustrative Purposes P /
(no results available)
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AREA FIVE: ALGEBRA AND FUNCTIONS
SOLVE REAL-WORLD PROBLEMS USING ALGEBRAIC MODELS AND EXPLAIN
RELATIONSHIPS INVOLVING ALGEBRAIC CONCEPTS

The primary reasons for the study of algebra as an important branch of
mathematics are (1) to provide students with a knowledge of the fundamental
concepts and processes of that branch, (2) to increase and enhance the abili-
ty of students to reason and become more adept problem solvers, and (3) to
help them communicate and make connections across the various branches
of mathematics or from mathematics to other disciplines, such as science.
The 1996 NAEP mathematics framework refers to goals two and three above
as “mathematical power.” The desire to develop mathematical power for all
students is a major message of the NCTM Standards. The NAEP mathematics
assessments have reflected the growing importance of mathematical power in
measuring student achievement, namely by including a greater number of
constructed-response questions that focus on reasoning, by requiring students
to communicate, and by requiring students to connect their learning across
NAEP content strands. Although the TIMSS framework does not specifically
mention mathematical power per se, the TIMSS assessment does contain

items that measure the general concept of mathematical power.

Following are three items that pose problems within a contextual setting
that measure algebraic concepts and various aspects of mathematical power:

reasoning, connections, and communication.
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Example 22: Marcy’s Dot Pattern ﬂ %
E
Example 22: Marcy's Dot Pattern P
This question requires you to show your work and explain your 1
reasoning. You may use drawings, words, and numbers in your ]
explanation. Your answer should be clear enough so that another 9
person could read it and understand your thinking. It is important 2
that you show all your work.
A pattern of dots is shown below. At each step, more dots are added to
the pattern. The number of dots added at each step is more than the
number added in the previous step. The pattern continues infinitely. Example 22  Grade 8
(1st step) (2nd step) (3rd step) United States
¢ No Response............. 16
¢ ¢ Incorrect ... 63
e o [ ] [ ] [ ] [ ] [ ] [ ] [ ] M ‘ n ‘ m al /] O
2 Dots 6 Dots 12 Dots Partial ... 6
Marcy has to determine the number of dots in the 20th step, but Satisfactory ... 1
she does not want to draw all 20 pictures and then count the dots. Extended 5
Explain or show how she could do this and give the answer that % of st dmu ', ............ te
Marcy should get for the number of dots. b of stu n response calegory
(Students had access to a calculator.)

Example 22 required students to analyze several steps in a pattern of
dots in order to conjecture about a general rule for determining the number
of dots for any particular step in the pattern. Additionally, students were
required to use their rule to find the number of dots at a particular step in an
extension of the pattern where it no longer is convenient to draw all of the
intermediate dot figures. One approach is to think of the steps in the pattern
as consisting of dots in rows and columns and to realize that the number of
dots in the n* step can be expressed as x, = n(n + 1) for n=1, 2, 3... and thus
Xz = 20(20 + 1) = (20)21 = 420.

Other approaches are possible and students could use arithmetic or al-
gebraic concepts to explain their reasoning. Although a few students did
write an algebraic equation to express a rule for the general term in a recur-
sive relationship, it was neither expected nor necessary for students to do so.
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Example 22 Possible Solution

The explanation should include one of the following ideas with no false
statements:

1) For each successive step, the number of rows and the number of
columns is increasing by 1, forming a pattern. For example, the first step
shows a pattern of dots that consists of 1 row by 2 columns, the second step
shows a pattern of dots that consists of 2 rows by 3 columns, the third step 3
rows by 4 columns, and so on. Continuing in this pattern, the 20th step
would have 20 x 21, or 420, dots.

OR

2) Look at successive differences between consecutive steps. The differ-
ences 4, 6, 8, 10, ... form a pattern. There are 19 differences forming the
pattern 4, 6, 8, 10, ... 38, 40, and this sum is equal to (9 x 44) + 22, or 418.
However, 2 must be added for the first step, yielding a response of 420.

Most of the eighth graders fell short of detecting and communicating a
pattern in the dots. Nationally, 16 percent did not respond and 63 percent
provided irrelevant or inaccurate information about the dot pattern. Of the
students who were able to detect the pattern, most were not able to complete
the step of generalizing to a rule that could be used to find the dots in any
term. Ten percent were able to demonstrate their understanding of the pat-
tern by working some number of the terms beyond those given and another 6
percent tried to provide a generalization. Only 6 percent of the students pro-
vided satisfactory or better responses. The 1 percent of the students providing
satisfactory rather than extended responses provided a generalization but
failed to apply it to the 20th term. The remaining 5 percent worked on the

problem in full.

What teaching strategies could have helped students learn to respond

appropriately to question 22?
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NAEP 1992

Example 22 ﬂ
Incorrect Response

The response is completely incorrect or irrelevant, or the response
states, “I don’t know.”

(st slee) &9 Ciep)

o6 4 8 @ s e 400
»é o 3 O ¢ s s
1O ok 10 dete

NAEP 1992

Example 22
Minimal Response

An attempt to generalize the pattern on a superficial level or to
draw all 20 pictures in the pattern (with a clear understanding of
the pattern).

30

2 20 “:__;:: ﬁ: s

s 10 e L)

%-5- ;- (““‘h’) €6 X
(shep) (Sonp) Chetd (oot sty
~“ 10 V1o V3l 3
0y, X2 Pt 40 26

%0 |10 18- 1%

(snp) (Cemp) (IR (12%ske

1089

It is difficult to discern
an explanation for this
INCORRECT response.
One possibility is that the
student apportioned the
total of 20 dots in the
three steps shown into two
2x 5 sets.

63% of U.S. students
provided an Incorrect
response

This MINIMAL response
illustrates a student’s
attempt to display the first
12 steps in the pattern.
There is some under-
standing of the number of
total dots in each entry
but no attempt is made to
explain the pattern in
terms of rows and
columns.

10% of U.S. students
provided a Minimal
response
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This PARTIAL response
does begin to formulate
an explanation of the
total number of dots for
an entry. However, the
last sentence incorrectly
uses the term “multiply”
in an attempt to discuss
the 20th step. At this
point, the explanation
Jalters.

6% of U.S. students
provided a Partial
response

This SATISFACTORY
response provides suffi-
cient evidence of how to
generate the various steps
in the pattern by multi-
plying the number of rows
times the number of
columns. However, the
student does not deter-
mine the number of dots
in the 20th step.

1% of U.S. students
provided a Satisfactory

response

NAEP 1992

Example 22
Partial Response

The response has communicated a partially correct generalization

of the pattern.

REREE
ghall
 REENEE
i
L

|
|

R
éé‘g
NS
£

:
;

NAEP 1992

Example 22
Satisfactory Response

The response contains a completely correct generalization of the
pattern but does not include — or incorrectly states — the number of

dots (420) in the 20th step.

Mulnghy each ST¢P &4 ,ﬂ‘
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Example 22 ﬂ
Extended Response

This response contains a completely correct generalization of the
pattern and specifies that there are 420 dots in the 20th step.

e, T3 3¢
! !
[ This is a strong
X EXTENDED response.
The student clearly related
J the number of dots in a
0 step to an appropriate
— multiplication rule. This
student then moves
directly from step 3 to step
20 and determines the
correct number of dots for
that step.

5% of U.S. students
provided an Extended

response
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Example 23 from TIMSS illustrates an item provided in a contextual set-
ting that could be solved using either arithmetic or algebraic approaches.
Because the approach to solving the problem is left to the student, the item
provides a measure of whether students can apply their understanding of
mathematics to situations that require reasoning. Generally, students who
solved this problem successfully either used one of two distinct arithmetic
approaches or an algebraic approach, such as setting up an equation or sys-
tem of equations involving one or two variables. Eighth graders in the United
States performed below the international average, with only 25 percent pro-
viding a correct solution. In Singapore, the highest performing country on

this problem, 71 percent of the students provided a correct solution.

Example 23  Grade 8
United States

Correctness................ 25
Method ...................... 26
Singapore
Correctness................ 71
Method .................... 76
International Average
correctness................ 32
Method ..................... 34

% of students obtaining full credit

Example 23: Apples in a Box ﬂ

There are 54 kilograms of apples in two boxes.

The second box of apples weighs 12 kilograms more
than the first. How many kilograms of apples are in
each box? Show your work.
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As illustrated by the student responses shown in the following pages, one
arithmetic method involved dividing 54 by 2, and then both adding 6 to 27 to
obtain 33 kg and subtracting 6 from 27 to obtain 21 kg. In the other fre-
quently used arithmetic approach, students first subtracted 12 from 54 to
obtain 42, and then divided by 2 to obtain the 21 kg weight of one box. The
weight of the second box, 33 kg, was arrived at by adding 12 to 21.

The illustrative responses also depict algebraic approaches. One method
makes use of a linear equation in one variable, n. The use of the variable n as
the number of kg of apples in each box, leads to the equationn + n + 12 =
54. Correctly solving this equation for n = 21 and n + 12 = 33 yields the cor-
rect answers of 21 kg and 33 kg. The other algebraic method makes use of a

system of linear equations that can be solved simultaneously.

The NCTM Standards suggest that assessments should yield evidence on
students’ use of strategies and problem-solving techniques. For this open-
ended item, TIMSS not only scored the students’ responses for correctness,
but kept track of the methods students used. In this way, TIMSS was able to
collect information about how many students demonstrated use of an appro-
priate method (whether it be arithmetic or algebraic), but did not implement

it fully by making some type of computational error.

In the United States, the results indicate that most students simply did
not know how to approach this problem or could not demonstrate their
understanding. Just 26 percent displayed an appropriate method by which a
correct solution could have been determined, only 1 percent more than pro-
vided a correct solution. In Singapore, 76 percent of the eighth graders dis-
played a correct method compared to the 71 percent who provided correct
respopses. About 75 percent of the Singaporean eighth graders communicated
their understanding of how to correctly solve the “Apples in a Box” problem
cofnpgrt_ed to only about 25 percent in the United States.
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s s

Example 23 Possible Solution A ﬂ

®
1] o4

27 7
to -6
23 34/

TIMSS 1995

Example 23 Possible Solution B B

\t

54
2

x 2\ - 2\\(-\
3y ke \ PELA\

2\
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fivss 1995 I

Example 23 Possible Solution C

het n ke the number of kg of applo
mmw,&x.mﬁ%*’lz&m
'4Wb’ m+rn+i12 =59

In =42
2

= 9
Tare are 31 by i the foct oy
omd 2\*[1:?3% “'w ,tﬁ,mméb%

TIMSS 1995

Example 23 Possible Solution D m

WX L Se the larger Nomber of k. q of

QVP(CQ \ng box. Lo¥ S e th -,mﬂ,‘,
Ao FE ofapples 0 o bo x
LtS=3%Y4
L-§=12
ML 21 ~6G
L =33
33 - 512 |eads o $=2

The answers arce 2 |

] e 33
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Example 24 emphasizes the importance of the connections between
equivalent representations by presenting students with a graph that models
the costs for purchasing CDs from three CD clubs. Although this item was not
administered in NAEP or TIMSS, it represents the type of algebraic reasoning
and problem solving that might well be expected of eighth graders taking
algebra courses. More specifically, the problem requires students to display
their facility in interpreting the graphical properties of lines that model costs.

Example 24: Compact Discs H
l' ',
&
o& 4" (99' ./'g
Q" \\4'94 //c)\\)
K G
150 Pl
R
135 R
R
g 120 A
Sample item for P E 105 i
lllustrative Purposes 8 o0 Pl
(no results available) 3 ~7
o 7 N d L&
3 e
1) 60 /‘/ /4/
B ra f':/
45 /1"1
0
157 .

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of CDs Purchased

The graphs above show the cost for purchasing CDs (Compact Discs) from
the Blue, Silver, and Red CD clubs. The questions below are based on these

graphs.
a) Which CD club has the greatest membership fee (initial
cost)? Give a reason for your answer.

b) Which CD club charges the most for each additional CD
purchased? Give a reason for your answer.

c) For what range of numbers of CDs does each CD club
have the lowest total cost? Give a reason for your answer.
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In providing their responses, students will need to communicate an
understanding of essential algebraic concepts that goes beyond the skill of
selecting and applying standard algorithms.

Example 24 Solution H

a) The Red CD Club. Reason: The line graph representing the Red CD
Club has the greatest y-intercept, 45, which represents the membership
fee (initial cost).

b) The Blue CD Club. Reason: The line graph representing the Blue CD
Club is steepest or has the greatest slope, 15.

¢) The Blue CD Club has the lowest total cost for 1 to 4 CDs. The Silver CD
Club has the lowest total cost for 6 to 9 CDs. The Red CD Club has the
lowest total cost for 11 or more CDs.

Note: For 5 CDs the Blue and Silver Clubs have the same total cost, $75,
and for 10 CDs the Red and Silver Clubs have the same total cost, $135.

Reason: In order for the total cost to be the lowest for a given CD club,
the line graph representing the costs for a given CD club must lie below
the line graphs representing the costs for the other two CD clubs.

AN IN-DEPTH LOOK AT GEOMETRY AND ALGEBRA



ATTAINING EXCELLENCE: TIMSS AS A STARTING POINT TO EXAMINE MATHEMATICS ASSESSMENTS

ERIC

g ! Toxt Provided by ERIC

CONCLUSION

Attaining Excellence: TIMSS as a Starting Point to Examine U.S. Mathematics
Assessments is a component of Attaining Excellence: A TIMSS Resource Kit, which
examines U.S. education in an international context. Earlier modules of the
resource kit included modules on student achievement, teaching, and
curricula. All modules are designed to use national and international studies
such as the Third International Mathematics and Science Study (TIMSS), the
National Assessment of Educational Progress (NAEP), and findings of similar
and related research to help inform our understanding of instructional prac-
tice and student achievement in the United States as compared to other
countries. Collectively, the modules suggest how the information generated
from TIMSS can promote identification of the strengths and weaknesses of
education at all levels of the education enterprise in the United States and to
make reasonable comparisons with other countries that may be our economic

competitors.

In the United States today, mastering mathematics has become more
important than ever. Students with a strong grasp of mathematics have an
advantage in academics and in the job market. The U.S. results of TIMSS con-
firm that many of our students enter and leave high school without a solid

grounding in mathematics, closing doors very early for further education.

The TIMSS Assessment Module is intended to provide state- and district-
level assessment and curriculum specialists with a method of comparing exist-
ing assessment frameworks to those found in NAEP and TIMSS. The module
also suggests strategies for using materials from NAEP and TIMSS to reflect

on local curricula.

Important in achieving these goals is the need for a benchmark with
which to compare state and local frameworks. As states and districts continue
to develop and implement mathematics standards designed to improve stu-
dents' skills and to raise student achievement, the need for information about
how their efforts compare with those of the nation and of the world increases.
NAEP and TIMSS can give educators additional tools with which to bench-

mark student performance and to examine the curricular expectations
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associated with that performance. The module provides an overview of the
NAEP and TIMSS frameworks, focusing on how the frameworks were devel-
oped, describing the major content areas covered in each of the assessments,
and tying them to the underlying abilities assessed, such as problem solving
and understanding concepts. By viewing state and local systems through the
prism of other countries' work, American educators can understand their own
practices better and identify possible alternatives for making their unique

processes of education more effective.

The module shows how NAEP and TIMSS compare in the areas of geom-
etry and algebra because the U.S. TIMSS results consistently show the need
for greater concentration on advanced mathematics topics. This module
helps to frame specific questions concerning course options, content rigor,
and opportunities to solve geometry and algebra problems as compared to
other states and other countries. In proceeding from the global to the specif-
ic level, it assists in establishing processes that used to examine the content
and abilities contained in frameworks, the relative emphasis of the content
and performance areas, the range of assessment item types, and the difficulty
of test items not only for geometry and algebra, but all of mathematics, and

indeed the entire curriculum.

The TIMSS experience has shown the process of comparison provides a
basis for much insightful discussion and consideration about the goals of edu-
cation and the various ways to achieve those goals. This module enhances that
discussion and provides some of the tools needed to achieve educational

goals by helping to bridge the gap between assessment and practice.

If you would like to inquire further about NAEP and TIMSS assessments,
please see the section of this publication entitled, “Obtaining Publications for
Further Study,” for information about additional publications and reports.
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OBTAINING PUBLICATIONS FOR
FURTHER STUDY

OBTAINING TIMSS MATHEMATICS PUBLICATIONS

TIMSS International Reports
Mathematics Achievement in the Primary School Years: IEA's Third International
Mathematics and Science Study, $20.00 (prepaid)

Mathematics and Science Achievement in the Final Year of Secondary School: IEA's Third
International Mathematics and Science Study, $30.00 (prepaid)

Performance Assessment in IEA’s Third International Mathematics and Science Study,
$10.00 (prepaid)

» To order, contact the TIMSS International Study Center, CSTEEP, Campion
Hall 323, Boston College, Chestnut Hill, MA 02167; telephone (617) 552-4521;
fax (617) 552-8419; e-mail: timss@bc.edu.

Mathematics Achievement in the Middle School Years: IEA's Third International
Mathematics and Science Study, $18 through GPO, stock # 065-000-01023-2

» To order, contact the Superintendent of Documents, P.O. Box 371954,
Pittsburgh, PA 15250-7954; telephone (202) 512-1800; fax (202) 512-2250.

The TIMSS international reports are also available on the World Wide Web:
http//www.csteep.bc.edu/timss.

TIMSS Released Item Sets
TIMSS Mathematics Items, Released Set for Population 1 (Third and Fourth Grades),
$20.00 (prepaid)

TIMSS Mathematics Items, Released Set for Population 2 (Seventh and Eighth Grades),
$20.00 (prepaid)

TIMSS Released Item Set for the Final Year of Secondary School: Mathematics and Science
Literacy, Advanced Mathematics, and Physics, $20.00 (prepaid)

» To order, contact the TIMSS International Study Center, CSTEEP, Campion
Hall 323, Boston College, Chestnut Hill, MA 02167; telephone (617) 552-4521;
fax (617) 552-8419; e-mail: timss@bc.edu.
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The TIMSS released item sets are also available on the World Wide Web:
http://www.csteep.bc.edu/ timss

TIMSS Curriculum Frameworks

TIMSS Monograph Series No. 1: Curriculum Frameworks for Mathematics and Science,
1993

TIMSS Monograph Series No. 2: Mathematics Textbooks: A Comparative Study of Grade
8 Texts, 1995

» To order, contact the Pacific Educational Press, Faculty of Education,
University of British Columbia, Vancouver, Canada, V6T 1Z4; telephone
(604) 822-5385; fax (604) 822-6603.

TIMSS Resource Kit
Attaining Excellence: A TIMSS Resource Kit, $94

» To order, contact the Superintendent of Documents, P.O. Box 371954,
Pittsburgh, PA 15250-7954; telephone (202) 512-1800; fax (202) 512-2250.

U.S. TIMSS Achievement Reports

Pursuing Excellence: A Study of U.S. Fourth-Grade Mathematics and Science Achievement
in International Context, $4.75, GPO Stock # 065-000-01018-6

Pursuing Excellence: A Study of U.S. Eighth-Grade Mathematics and Science Teaching,
Learning, Curriculum, and Achievement in International Context, $9.50, GPO Stock #
065-000-00959-5

Pursuing Excellence: A Study of U.S. Twelfth-Grade Mathematics and Science
Achievement in International Context, $12.00, GPO Stock # 065-000-01181-6

» To order, contact the Superintendent of Documents, P.O. Box 371954,
Pittsburgh, PA 15250-7954; telephone (202) 512-1800; fax (202) 512-2250. These
reports are also available on the World Wide Web: http://www.nces.ed.gov/ timss.

Linking the National Assessment of Educational Progress (NAEP) and the Third
International Mathematics and Science Study (TIMSS): A Technical Report

» To obtain single copies of the report or ordering information on other U.S.
Department of Education products, call toll-free 1-877-4ED-PUBS. This report is
also available on the World Wide Web: http://www.nces.ed.gov/pubs98/
linking/index.html.
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OBTAINING NAEP MATHEMATICS PUBLICATIONS

NAEP 1996 Report Card
NAEP 1996 Mathematics Report for the Nation and the States: Findings from the
National Assessment of Educational Progress

» To obtain single copies of this report or ordering information on other U.S.
Department of Education Products, call toll-free 1-877-4ED-PUBS. This report is
also available on the World Wide Web: http://www.ed.gov/NCES/ naep.

NAEP 1996 Mathematics Framework
Mathematics Framework for the 1996 National Assessment of Educational Progress
» To order, contact the National Assessment Governing Board, 800 North

Capital Street NW, Suite 825, Washington, DC 20002. This document is also
available on the World Wide Web: http://www.nagb.org/abnaep.html.

Implications of NAEP for Policies and Practices

School Policies and Practices Affecting Instruction in Mathematics: Findings from the
National Assessment of Educational Progress

» This report is available on the World Wide Web:
http:/ /www.ed.gov/NCES/naep.
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